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Abstract
Manifolds with boundary and with corners form categories Man ⊂
Man
b
⊂Man
c. A manifold with corners X has two notions of tangent
bundle: the tangent bundle TX, and the b-tangent bundle bTX. The
usual definition of smooth structure uses TX, as f : X → R is defined to
be smooth if ∇kf exists as a continuous section of
⊗
k
T ∗X for all k > 0.
We definemanifolds with analytic corners, or manifolds with a-corners,
with a different smooth structure, in which roughly f : X → R is smooth
if b∇kf exists as a continuous section of
⊗
k(bT ∗X) for all k > 0. These
are different from manifolds with corners even when X = [0,∞), for
instance xα : [0,∞) → R is smooth for all real α > 0 when [0,∞) has
a-corners. Manifolds with a-boundary and with a-corners form categories
Man ⊂Man
ab
⊂Man
ac, with well behaved differential geometry.
Partial differential equations on manifolds with boundary may have
boundary conditions of two kinds: (i) ‘at finite distance’, e.g. Dirichlet
or Neumann conditions, or (ii) ‘at infinity’, prescribing the asymptotic
behaviour of the solution. We argue that manifolds with corners should
be used for (i), and with a-corners for (ii). We discuss many applications of
manifolds with a-corners in boundary problems of type (ii), and to singular
p.d.e. problems involving ‘bubbling’, ‘neck-stretching’ and ‘gluing’.
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1 Introduction
We are concerned with manifolds with boundary, and with corners, which form
categories Man ⊂ Manb ⊂ Manc extending the usual category of manifolds
Man, where a manifold with corners X is locally modelled on [0,∞)k × Rm−k
for 0 6 k 6 m = dimX , with k = 0, 1 if X is a manifold with boundary.
Partial differential equations on manifolds with boundary or corners have
been extensively studied, and one usually imposes boundary conditions to make
the equations well-behaved. These boundary conditions are of two kinds:
(i) Boundary conditions ‘at finite distance’, e.g. Dirichlet or Neumann bound-
ary conditions, Plateau’s problem for minimal surfaces in R3 bounding a
curve γ ⊂ R3, and J-holomorphic curves u : Σ → S in a symplectic
manifold S with u(∂Σ) in a Lagrangian L ⊂ S, as in [19, 75].
(ii) Boundary conditions ‘at infinity’, where we prescribe the asymptotic be-
haviour of the solution. These include Asymptotically Cylindrical Rieman-
nian manifolds or submanifolds [12–14,24, 43–45,69], and Asymptotically
Conical (sub)manifolds [4, 10, 11, 17, 30, 31, 33, 34, 46, 47, 52, 58, 70].
A manifold with boundary or corners X has two notions of tangent bundle:
(i) The ordinary tangent bundle TX , with the obvious definition; and
(ii) The b-tangent bundle bTX , as in Melrose [61, §2], [62, §2.2], [63, §I.10].
If (x1, . . . , xm) ∈ [0,∞)k × R
m−k are local coordinates on an open subset
U ⊂ X then TX |U has basis of sections
∂
∂x1
, . . . , ∂∂xm , and
bTX |U basis of
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sections x1
∂
∂x1
, . . . , xk
∂
∂xk
, ∂∂xk+1 , . . . ,
∂
∂xm
. It is usually appropriate to use TX
for boundary conditions of type (i) on X , and bTX for type (ii).
Now in the conventional definition of manifolds with corners X , the smooth
structure on X is defined using TX in (i). That is, a function f : X → R is
smooth if the derivatives ∇kf exist as continuous sections of
⊗k
T ∗X for all
k > 0. The theme of this paper is that there is a second notion of manifolds
with corners defined using bTX in (ii), so that roughly speaking f : X → R is
smooth if the b-derivatives b∇kf exist as continuous sections of
⊗k
(bT ∗X) for
all k > 0. We call this new notion manifolds with analytic corners, or manifolds
with a-corners. They form categories Man ⊂Manab ⊂Manac.
We will make the case that in a boundary p.d.e. problem, one should use
manifolds with ordinary corners for type (i) boundary conditions, and manifolds
with a-corners for type (ii). Note that manifolds with corners and with a-corners
are different even for the simplest example [0,∞). For instance, when [0,∞) is
a manifold with a-corners, xα : [0,∞)→ R is a smooth map for all real α > 0.
Also, even for p.d.e.s on manifolds without boundary, manifolds with a-
corners are useful for describing singular limits of solutions, e.g. ‘bubbling’,
‘neck-stretching’ and ‘gluing’, and finite time singularities of geometric flows.
As we explain in §5–§6, there is a huge literature on boundary problems for
p.d.e.s which can be rewritten in our ‘a-corners’ language. The author believes
that in many cases, manifolds with a-corners will be helpful, and lead to new
insights or new methods of proof. There should be a general theory of ellip-
tic equations on a compact manifold with a-corners X (and families of elliptic
equations over a proper b-fibration f : X → Y ), with lots of applications. The
theory is also particularly relevant to questions about smooth structures on mod-
uli spaces near singular solutions, such as the moduli of stable J-holomorphic
curves in symplectic geometry studied in [18–21,26–28].
Much of this paper is not wholly new material, but rather old ideas due to
many authors, to which I am giving a new interpretation, or looking at from a
new angle. I was particularly inspired by the work of Richard Melrose and his
collaborators [55–57,61–67,73] on the ‘b-calculus’ [22], as explained in §5.5.
Section 2 gives background on conventional manifolds with corners Manc.
In §3 we define manifolds with a-cornersManac, plus some generalizations, and
study their categorical properties. Section 4 considers the differential geometry
of manifolds with corners, including boundaries, corners, b-(co)tangent bundles,
b-connections, and b-curvature.
Section 5 discusses analysis on manifolds with a-corners, with a particu-
lar focus on (families of) elliptic p.d.e.s on compact manifolds with a-corners,
weighted Sobolev spaces, and Fredholm properties. Section 6 briefly describes
some areas of current research which could be rewritten in the ‘a-corners’ lan-
guage, and explains how this could lead to new advances in some cases.
Acknowledgements. I would like to thank Lino Amorim, Daniel Grieser, and
Rafe Mazzeo for helpful conversations. This research was supported by EPSRC
Programme Grant EP/I033343/1.
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2 Ordinary manifolds with corners
We discuss the usual categoryManc of manifolds with corners. Some references
are Melrose [62, 63] and the author [38, 41].
2.1 The definition of manifolds with corners
Definition 2.1. Use the notation Rmk = [0,∞)
k × Rm−k for 0 6 k 6 m, and
write points of Rmk as u = (x1, . . . , xm) for x1, . . . , xk ∈ [0,∞), xk+1, . . . , xm ∈
R. Let U ⊆ Rmk and V ⊆ R
n
l be open, and f = (f1, . . . , fn) : U → V be a
continuous map, so that fj = fj(x1, . . . , xm) maps U → [0,∞) for j = 1, . . . , l
and U → R for j = l + 1, . . . , n. Then we say:
(a) f is weakly smooth if all derivatives ∂
a1+···+am
∂x
a1
1
···∂xamm
fj(x1, . . . , xm) : U → R ex-
ist and are continuous in for all j = 1, . . . ,m and a1, . . . , am > 0, including
one-sided derivatives where xi = 0 for i = 1, . . . , k.
(b) f is smooth if it is weakly smooth and every u = (x1, . . . , xm) ∈ U has an
open neighbourhood U˜ in U such that for each j = 1, . . . , l, either:
(i) we may uniquely write fj(x˜1, . . . , x˜m) = Fj(x˜1, . . . , x˜m)·x˜
a1,j
1 · · · x˜
ak,j
k
for all (x˜1, . . . , x˜m) ∈ U˜ , where Fj : U˜ → (0,∞) is weakly smooth
and a1,j , . . . , ak,j ∈ N = {0, 1, 2, . . .}, with ai,j = 0 if xi 6= 0; or
(ii) fj |U˜ = 0.
(c) f is interior if it is smooth, and case (b)(ii) does not occur.
(d) f is b-normal if it is interior, and in case (b)(i), for each i = 1, . . . , k we
have ai,j > 0 for at most one j = 1, . . . , l.
(e) f is strongly smooth if it is smooth, and in case (b)(i), for each j = 1, . . . , l
we have ai,j = 1 for at most one i = 1, . . . , k, and ai,j = 0 otherwise.
(f) f is a diffeomorphism if it is a smooth bijection with smooth inverse.
All the classes (a)–(f) include identities and are closed under composition.
Definition 2.2. Let X be a second countable Hausdorff topological space. An
m-dimensional chart on X is a pair (U, φ), where U ⊆ Rmk is open for some
0 6 k 6 m, and φ : U → X is a homeomorphism with an open set φ(U) ⊆ X .
Let (U, φ), (V, ψ) be m-dimensional charts on X . We call (U, φ) and (V, ψ)
compatible if ψ−1 ◦ φ : φ−1
(
φ(U) ∩ ψ(V )
)
→ ψ−1
(
φ(U) ∩ ψ(V )
)
is a diffeomor-
phism between open subsets of Rmk ,R
m
l , in the sense of Definition 2.1(f).
An m-dimensional atlas for X is a system {(Ua, φa) : a ∈ A} of pairwise
compatible m-dimensional charts on X with X =
⋃
a∈A φa(Ua). We call such
an atlas maximal if it is not a proper subset of any other atlas. Any atlas
{(Ua, φa) : a ∈ A} is contained in a unique maximal atlas, the set of all charts
(U, φ) of this type on X which are compatible with (Ua, φa) for all a ∈ A.
An m-dimensional manifold with corners is a second countable Hausdorff
topological space X equipped with a maximal m-dimensional atlas. Usually we
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refer to X as the manifold, leaving the atlas implicit, and by a chart (U, φ) on
X , we mean an element of the maximal atlas.
Now let X,Y be manifolds with corners of dimensions m,n, and f : X → Y
a continuous map. We call f weakly smooth, or smooth, or interior, or b-normal,
or strongly smooth, if whenever (U, φ), (V, ψ) are charts on X,Y with U ⊆ Rmk ,
V ⊆ Rnl open, then
ψ−1 ◦ f ◦ φ : (f ◦ φ)−1(ψ(V )) −→ V (2.1)
is weakly smooth, or smooth, or interior, or b-normal, or strongly smooth, re-
spectively, as maps between open subsets ofRmk ,R
n
l in the sense of Definition 2.1.
We write Manc for the category with objects manifolds with corners X,Y,
and morphisms smooth maps f : X → Y in the sense above. We will also write
Mancin,Man
c
st for the subcategories of Man
c with morphisms interior maps,
and strongly smooth maps, respectively.
Write Mˇanc for the category whose objects are disjoint unions
∐∞
m=0Xm,
where Xm is a manifold with corners of dimension m, allowing Xm = ∅, and
whose morphisms are continuous maps f :
∐∞
m=0Xm →
∐∞
n=0 Yn, such that
f |Xm∩f−1(Yn) : Xm ∩ f
−1(Yn)→ Yn is a smooth map of manifolds with corners
for allm,n > 0. Objects of Mˇanc will be called manifolds with corners of mixed
dimension. We will also write Mˇancin, Mˇan
c
st for the subcategories of Mˇan
c
with the same objects, and morphisms interior, or strongly smooth, maps.
Remark 2.3. There are several non-equivalent definitions of categories of man-
ifolds with corners. Just as objects, without considering morphisms, most
authors define manifolds with corners as in Definition 2.2. However, Mel-
rose [61–63] imposes an extra condition: in §2.2 we will define the boundary
∂X of a manifold with corners X , with an immersion iX : ∂X → X . Melrose
requires that iX |C : C → X should be injective for each connected component
C of ∂X (such X are sometimes called manifolds with faces).
There is no general agreement in the literature on how to define smooth
maps, or morphisms, of manifolds with corners:
(i) Our smooth maps are due to Melrose [63, §1.12], [61, §1], who calls them
b-maps. Interior and b-normal maps are also due to Melrose.
(ii) The author [38] defined and studied strongly smooth maps above (which
were just called ‘smooth maps’ in [38]).
(iii) Monthubert’s morphisms of manifolds with corners [68, Def. 2.8] coincide
with our strongly smooth b-normal maps.
(iv) Most other authors, such as Cerf [7, §I.1.2], define smooth maps of mani-
folds with corners to be weakly smooth maps, in our notation.
2.2 Boundaries and corners of manifolds with corners
The material of this section broadly follows the author [38, 41].
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Definition 2.4. Let U ⊆ Rmk be open. For each u = (x1, . . . , xm) in U , define
the depth depthU u of u in U to be the number of x1, . . . , xk which are zero.
That is, depthU u is the number of boundary faces of U containing u.
Let X be an m-manifold with corners. For x ∈ X , choose a chart (U, φ) on
the manifold X with φ(u) = x for u ∈ U , and define the depth depthX x of x
in X by depthX x = depthU u. This is independent of the choice of (U, φ). For
each l = 0, . . . ,m, define the depth l stratum of X to be
Sl(X) =
{
x ∈ X : depthX x = l
}
.
Then X =
∐m
l=0 S
l(X) and Sl(X) =
⋃m
k=l S
k(X). The interior of X is X◦ =
S0(X). Each Sl(X) has the structure of an (m− l)-manifold without boundary.
Definition 2.5. Let X be an m-manifold with corners, x ∈ X , and k =
0, 1, . . . ,m. A local k-corner component γ of X at x is a local choice of con-
nected component of Sk(X) near x. That is, for each small open neighbourhood
V of x in X , γ gives a choice of connected component W of V ∩ Sk(X) with
x ∈W , and any two such choices V,W and V ′,W ′ must be compatible in that
x ∈ (W ∩W ′). When k = 1, we call γ a local boundary component.
As sets, define the boundary ∂X and k-corners Ck(X) for k = 0, 1, . . . ,m by
∂X =
{
(x, β) : x ∈ X , β is a local boundary component of X at x
}
,
Ck(X) =
{
(x, γ) : x ∈ X , γ is a local k-corner component of X at x
}
.
Define iX : ∂X → X and Π : Ck(X)→ X by iX : (x, β) 7→ x, Π : (x, γ) 7→ x.
If (U, φ) is a chart on X with U ⊆ Rmk open, then for each i = 1, . . . , k we
can define a chart (Ui, φi) on ∂X by
Ui =
{
(x1, . . . , xm−1) ∈ R
m−1
k−1 : (x1, . . . , xi−1, 0, xi, . . . , xm−1) ∈ U ⊆ R
m
k
}
,
φi : (x1, . . . , xm−1) 7−→
(
φ(x1, . . . , xi−1, 0, xi, . . . , xm−1), φ∗({xi = 0})
)
.
The set of all such charts on ∂X forms an atlas, making ∂X into a manifold
with corners of dimension m − 1, and iX : ∂X → X into a smooth (but not
interior) map. Similarly, we make Ck(X) into an (m−k)-manifold with corners,
and Π : Ck(X)→ X into a smooth map.
We call X a manifold without boundary if ∂X = ∅, and a manifold with
boundary if ∂2X = ∅. We write Man and Manb for the full subcategories of
Manc with objects manifolds without boundary, and manifolds with boundary,
so that Man ⊂ Manb ⊂ Manc. This definition of Man is equivalent to the
usual definition of the category of manifolds.
For X a manifold with corners and k > 0, there are natural identifications
∂kX ∼=
{
(x, β1, . . . , βk) : x ∈ X, β1, . . . , βk are distinct
local boundary components for X at x
}
,
(2.2)
Ck(X) ∼=
{
(x, {β1, . . . , βk}) : x ∈ X, β1, . . . , βk are distinct
local boundary components for X at x
}
.
(2.3)
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There is a natural, free, smooth action of the symmetric group Sk on ∂
kX , by
permutation of β1, . . . , βk in (2.2), and (2.2)–(2.3) give a natural diffeomorphism
Ck(X) ∼= ∂
kX/Sk. (2.4)
Corners commute with boundaries: there are natural isomorphisms
∂Ck(X) ∼= Ck(∂X) ∼=
{
(x, {β1, . . . , βk}, βk+1) : x ∈ X, β1, . . . , βk+1
are distinct local boundary components for X at x
}
.
(2.5)
For products of manifolds with corners we have natural diffeomorphisms
∂(X × Y ) ∼= (∂X × Y )∐ (X × ∂Y ), (2.6)
Ck(X × Y ) ∼=
∐
i,j>0, i+j=k Ci(X)× Cj(Y ). (2.7)
Example 2.6. The teardrop T =
{
(x, y) ∈ R2 : x > 0, y2 6 x2 − x4
}
, shown
in Figure 2.1, is a manifold with corners of dimension 2. The boundary ∂T is
diffeomorphic to [0, 1], and so is connected, but iT : ∂T → T is not injective.
Thus T is not a manifold with faces, in the sense of Remark 2.3.
x
y
• //oo
OO

Figure 2.1: The teardrop, a 2-manifold with corners
The following lemma is easy to prove from Definition 2.1(b).
Lemma 2.7. Let f : X → Y be a smooth map of manifolds with corners.
Then f is compatible with the depth stratifications X =
∐
k>0 S
k(X),
Y =
∐
l>0 S
l(Y ) in Definition 2.4, in the sense that if ∅ 6= W ⊆ Sk(X) is a
connected subset for some k > 0, then f(W ) ⊆ Sl(Y ) for some unique l > 0.
It is not true that general smooth f : X → Y induce maps ∂f : ∂X → ∂Y
or Ck(f) : Ck(Y ) → Ck(Y ). For example, if f : X → Y is the inclusion
[0,∞) →֒ R then no map ∂f : ∂X → ∂Y exists, as ∂X 6= ∅ and ∂Y = ∅. So
boundaries and k-corners do not give functors on Manc. However, if we work
in the enlarged category Mˇanc of Definition 2.2 and consider the full corners
C(X) =
∐
k>0 Ck(X), we can define a functor.
Definition 2.8. Define the corners C(X) of a manifold with corners X by
C(X) =
∐dimX
k=0 Ck(X)
=
{
(x, γ) : x ∈ X , γ is a local k-corner component of X at x, k > 0
}
,
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considered as an object of Mˇanc in Definition 2.2, a manifold with corners of
mixed dimension. Define Π : C(X)→ X by Π : (x, γ) 7→ x. This is smooth (i.e.
a morphism in Mˇanc) as the maps Π : Ck(X)→ X are smooth for k > 0.
Let f : X → Y be a smooth map of manifolds with corners, and suppose γ
is a local k-corner component of X at x ∈ X . For each sufficiently small open
neighbourhood V of x in X , γ gives a choice of connected component W of
V ∩Sk(X) with x ∈W , so by Lemma 2.7 f(W ) ⊆ Sl(Y ) for some l > 0. As f is
continuous, f(W ) is connected, and f(x) ∈ f(W ). Thus there is a unique local
l-corner component f∗(γ) of Y at f(x), such that if V˜ is a sufficiently small open
neighbourhood of f(x) in Y , then the connected component W˜ of V˜ ∩ Sl(Y )
given by f∗(γ) has f(W ) ∩ W˜ 6= ∅. This f∗(γ) is independent of the choice of
sufficiently small V, V˜ , so is well-defined.
Define a map C(f) : C(X) → C(Y ) by C(f) : (x, γ) 7→ (f(x), f∗(γ)). Then
C(f) is an interior morphism in Mˇanc. If g : Y → Z is another smooth map
of manifolds with corners then C(g ◦ f) = C(g) ◦ C(f) : C(X) → C(Z), so
C :Manc → Mˇancin ⊂ Mˇan
c is a functor, which we call the corner functor.
Equations (2.5) and (2.7) imply that if X,Y are manifolds with corners, we
have natural isomorphisms
∂C(X) ∼= C(∂X), (2.8)
C(X × Y ) ∼= C(X)× C(Y ). (2.9)
The corner functor C preserves products and direct products. That is, if f :
W → Y, g : X → Y, h : X → Z are smooth then the following commute
C(W ×X)
∼=

C(f×h)
// C(Y × Z)
∼=

C(W )×C(X)
C(f)×C(h)
// C(Y )×C(Z),
C(Y × Z)
∼=

C(X)
C((g,h)) 22❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞
(C(g),C(h)) ,,❩❩❩
❩❩❩❩❩❩❩
❩❩❩❩
C(Y )×C(Z),
where the columns are the isomorphisms (2.9).
Example 2.9. (a) Let X = [0,∞), Y = [0,∞)2, and define f : X → Y by
f(x) = (x, x). We have
C0(X) ∼= [0,∞), C1(X) ∼= {0}, C0(Y ) ∼= [0,∞)
2,
C1(Y ) ∼=
(
{0} × [0,∞)
)
∐
(
[0,∞)× {0}
)
, C2(Y ) ∼= {(0, 0)}.
Then C(f) maps C0(X)→ C0(Y ), x 7→ (x, x), and C1(X)→ C2(Y ), 0 7→ (0, 0).
(b) LetX = ∗, Y = [0,∞) and define f : X → Y by f(∗) = 0. Then C0(X) ∼= ∗,
C0(Y ) ∼= [0,∞), C1(Y ) ∼= {0}, and C(f) maps C0(X)→ C1(Y ), ∗ 7→ 0.
Note that C(f) need not map Ck(X)→ Ck(Y ).
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2.3 Tangent bundles and b-tangent bundles
Manifolds with corners X have two notions of tangent bundle with functorial
properties, the (ordinary) tangent bundle TX , the obvious generalization of
tangent bundles of manifolds without boundary, and the b-tangent bundle bTX
introduced by Melrose [61, §2], [62, §2.2], [63, §I.10]. Taking duals gives two
notions of cotangent bundle T ∗X, bT ∗X . First we discuss vector bundles:
Definition 2.10. Let X be a manifold with corners. A vector bundle E → X
of rank k is a manifold with corners E and a smooth map π : E → X , such that
each fibre Ex := π
−1(x) for x ∈ X is given the structure of a real vector space,
and X may be covered by open U ⊆ X with diffeomorphisms π−1(U) ∼= U ×Rk
identifying π|π−1(U) : π
−1(U) → U with the projection U × Rk → Rk, and the
vector space structure on Ex with that on {x} × R
k ∼= Rk, for each x ∈ U . A
section of E is a smooth map s : X → E with π ◦ s = idX .
We write Γ∞(E) for the vector space of smooth sections of E, and C∞(X) for
the R-algebra of smooth functions X → R. Then Γ∞(E) is a C∞(X)-module.
Morphisms of vector bundles, dual vector bundles, tensor products of vector
bundles, exterior products, and so on, all work as usual.
Definition 2.11. Let X be an m-manifold with corners. The tangent bundle
π : TX → X and b-tangent bundle π : bTX → X are natural rank m vector
bundles on X , with a vector bundle morphism IX :
bTX → TX . We may
describe TX, bTX, IX in local coordinates as follows.
If (U, φ) is a chart on X , with U ⊆ Rmk open, and (x1, . . . , xm) are the
coordinates on U , then over φ(U), TX is the trivial vector bundle with basis
of sections ∂∂x1 , . . . ,
∂
∂xm
, and bTX is the trivial vector bundle with basis of
sections x1
∂
∂x1
, . . . , xk
∂
∂xk
, ∂∂xk+1 , . . . ,
∂
∂xm
.
We have corresponding charts (TU, Tφ) on TX and (bTU, bTφ) on bTX ,
where TU = bTU = U × Rm ⊆ R2mk , such that (x1, . . . , xm, q1, . . . , qm) in
TU represents the vector q1
∂
∂x1
+ · · · + qm
∂
∂xm
over φ(x1, . . . , xm) ∈ X , and
(x1, . . . , xm, r1, . . . , rm) in
bTU represents r1x1
∂
∂x1
+· · ·+rkxk
∂
∂xk
+rk+1
∂
∂xk+1
+
· · ·+ rm
∂
∂xm
over φ(x1, . . . , xm) in X , and IX maps (x1, . . . , xm, r1, . . . , rm) in
bTU to (x1, . . . , xm, r1x1, . . . , rkxk, rk+1, . . . , rm) in TU .
Under change of coordinates (x1, . . . , xm)  (x˜1, . . . , x˜m) from (U, φ) to
(U˜ , φ˜), the corresponding change (x1, . . . , xm, q1, . . . , qm)  (x˜1, . . . , q˜m) from
(TU, Tφ) to (T U˜, T φ˜) is determined by ∂∂xi =
∑m
j=1
∂x˜j
∂xi
(x1, . . . , xm) ·
∂
∂x˜j
, so
that q˜j =
∑m
i=1
∂x˜j
∂xi
(x1, . . . , xm)qi, and similarly for (
bTU, bTφ), (bT U˜, bT φ˜).
Elements of Γ∞(TX) are called vector fields, and of Γ∞(bTX) are called b-
vector fields. The map (IX)∗ : Γ
∞(bTX)→ Γ∞(TX) is injective, and identifies
Γ∞(bTX) with the vector subspace of v ∈ Γ∞(TX) such that v|Sk(X) is tangent
to Sk(X) for all k = 1, . . . , dimX .
The cotangent bundle T ∗X and b-cotangent bundle bT ∗X are the dual vec-
tor bundles of TX, bTX . If (U, φ) is a chart on X , with U ⊆ Rmk open,
and (x1, . . . , xm) are the coordinates on U , then T
∗X has basis of sections
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dx1, . . . , dxm and
bT ∗X basis of sections x−11 dx1, . . . , x
−1
k dxk, dxk+1, . . . , dxm
over φ(U). We have a vector bundle morphism I∗X : T
∗X → bT ∗X dual to IX .
There is a de Rham differential d : C∞(X) → Γ∞(T ∗X), which acts in local
coordinates (x1, . . . , xm) on X by d : c 7→
∂c
∂x1
dx1 + · · · +
∂c
∂xm
dxm. The b-de
Rham differential is bd = I∗X ◦ d : C
∞(X)→ Γ∞(bT ∗X).
Now suppose f : X → Y is a smooth map of manifolds with corners. Then
there is a natural smooth map Tf : TX → TY so that the following commutes:
TX
π

Tf
// TY
π

X
f // Y.
Let (U, φ) and (V, ψ) be coordinate charts on X,Y with U ⊆ Rmk , V ⊆ R
n
l , with
coordinates (x1, . . . , xm) ∈ U and (y1, . . . , yn) ∈ V , and let (TU, Tφ), (TV, Tψ)
be the corresponding charts on TX, TY , with coordinates (x1, . . . , xm, q1, . . . ,
qm) ∈ TU and (y1, . . . , yn, r1, . . . , rn) ∈ TV . Equation (2.1) defines a map
ψ−1 ◦ f ◦ φ between open subsets of U, V . Write ψ−1 ◦ f ◦ φ = (f1, . . . , fn), for
fj = fj(x1, . . . , xm). Then the corresponding Tψ
−1 ◦ Tf ◦ Tφ maps
Tψ−1 ◦ Tf ◦ Tφ : (x1, . . . , xm, q1, . . . , qm) 7−→
(
f1(x1, . . . , xm), . . . ,
fn(x1, . . . , xm),
∑m
i=1
∂f1
∂xi
(x1, . . . , xm)qi, . . . ,
∑m
i=1
∂fn
∂xi
(x1, . . . , xm)qi
)
.
We can also regard Tf as a vector bundle morphism df : TX → f∗(TY ) on X ,
which has dual morphism df : f∗(T ∗Y )→ T ∗X .
If g : Y → Z is smooth then T (g ◦ f) = Tg ◦ Tf : TX → TZ, and T (idX) =
idTX : TX → TX . Thus, the assignment X 7→ TX , f 7→ Tf is a functor, the
tangent functor T :Manc →Manc. It restricts to T :Mancin →Man
c
in.
As in [61, §2], the analogue of the morphisms Tf : TX → TY for b-tangent
bundles works only for interior maps f : X → Y . So let f : X → Y be an
interior map of manifolds with corners. If f is interior, there is a unique interior
map bTf : bTX → bTY so that the following commutes:
bTX
π
❃
❃❃
❃❃
❃❃
❃❃
❃❃
❃❃ IX
''◆◆
◆◆◆
◆◆◆ bTf
// bTY
IY
&&◆◆
◆◆◆
◆◆◆
π
❂
❂❂
❂❂
❂❂
❂❂
❂❂
❂❂
TX
π
Tf // TY
π
X
f // Y.
The assignment X 7→ bTX , f 7→ bTf is a functor, the b-tangent functor bT :
Mancin → Man
c
in. The maps IX :
bTX → TX give a natural transformation
I : bT → T of functors Mancin →Man
c
in.
We can also regard bTf as a vector bundle morphism bdf : bTX → f∗(bTY )
on X . It has a dual morphism bdf : f∗(bT ∗Y )→ bT ∗X .
Note that if f : X → Y is a smooth map inManc then C(f) : C(X)→ C(Y )
is interior, so bTC(f) : bTC(X)→ bTC(Y ) is well defined, and we can use this
as a substitute for bTf : bTX → bTY when f is not interior.
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The next definition follows Melrose [61, §I], [62, §2], [64, §2.4].
Definition 2.12. Let f : X → Y be an interior map of manifolds with corners.
We call f a b-submersion if bdf : bTX → f∗(bTY ) is a surjective morphism of
vector bundles on X . We call f a b-fibration if f is b-normal, in the sense of
Definitions 2.1(d) and 2.2, and a b-submersion.
Example 2.13. (i) Any projection πX : X × Y → X for X,Y manifolds with
corners is b-normal, a b-submersion, and a b-fibration.
(ii) Define f : [0,∞)2 → [0,∞) by f(x, y) = xy. Then bdf is given by the
matrix
(
1
1
)
with respect to the bases
(
x ∂∂x , y
∂
∂y
)
for bT
(
[0,∞)2
)
and z ∂∂z for
bT
(
[0,∞)
)
, so bdf is surjective, and f is a b-submersion. Also f is b-normal by
Definition 2.1(d) as a1,1 = 1, a2,1 = 1 and other ai,j = 0 in Definition 2.1(b)(i),
so f is a b-fibration.
(iii) Define g : [0,∞) × R → [0,∞)2 by g(w, x) = (w,wex). Then bdg is given
by the matrix
(
1 0
1 1
)
with respect to the bases
(
w ∂∂w ,
∂
∂x
)
for bT
(
[0,∞)×R
)
and(
y ∂∂y , z
∂
∂z
)
for bT
(
[0,∞)2
)
, so g is a b-submersion. However, g is not b-normal
as a1,1 = 1, a1,2 = 1 in Definition 2.1(b)(i), so g is not a b-fibration.
Note that df : TX → f∗(TY ) and dg : TX → g∗(TY ) are not surjective in
(ii),(iii), so f, g are not submersions in the usual sense of differential geometry.
The tangent bundle TX of a manifold with corners X is the obvious gener-
alization of tangent bundles T X˜ of usual manifolds without boundary X˜ . For
example, if X ⊂ X˜ with X˜ a manifold without boundary, and the inclusion
X ⊂ X˜ is locally modelled on the inclusion Rmk ⊂ R
m, then TX = T X˜|X . But
for many applications, b-tangent bundles are more useful.
When X is a manifold with corners, we will define the normal line bundle
N∂X and b-normal line bundle
bN∂X for the immersion iX : ∂X → X .
Definition 2.14. Let X be a manifold with corners. From §2.3, the map
iX : ∂X → X induces T iX : T (∂X) → TX , which we may regard as an
injective morphism diX : T (∂X)→ i∗X(TX) of vector bundles on ∂X . This fits
into a natural exact sequence of vector bundles on ∂X :
0 // T (∂X)
diX // i∗X(TX)
πN // N∂X // 0, (2.10)
for N∂X → ∂X the normal line bundle of ∂X in X . While N∂X is not naturally
trivial, it does have an orientation by ‘outward-pointing’ normal vectors.
For b-tangent bundles, the analogue of (2.10) is the exact sequence
0 // bN∂X
biT // i∗X(
bTX)
bπT // bT (∂X) // 0 (2.11)
of vector bundles on ∂X . Note that (2.11) goes the opposite way to (2.10). Here
bN∂X = ∂X × R→ ∂X is just the trivial line bundle on ∂X , which we call the
b-normal bundle of ∂X in X .
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We define the morphisms biT ,
bπT in (2.11) as follows: if (U, φ) is a chart
on X , with U ⊆ Rmk open, and (x1, . . . , xm) are the coordinates on U , and
(x, β) ∈ ∂X with x = φ(x˜1, . . . , x˜m) with x˜1 = 0, and β is the local boundary
component x1 = 0 of X at x, then
biT ,
bπT map
biT :
(
(x, β), c
)
7−→
(
(x, β), c · x1
∂
∂x1
)
,
bπT :
(
(x, β),
∑m
i=1 ci · xi
∂
∂xi
)
7−→
(
(x, β),
∑m
i=2 ci · xi
∂
∂xi
)
,
for c, ci ∈ R, using (x2, . . . , xm) ∈ R
m−1
k−1 as the local coordinates on ∂X near x.
3 Manifolds with analytic corners
We now introduce the category Manac of manifolds with analytic corners, or
manifolds with a-corners. Our focus in this section is on definitions and cate-
gorical aspects, including functors between our various categories.
3.1 A-smooth functions between open sets in J0,∞)k×Rm−k
We will use the following notation:
Definition 3.1. As usual, we will write intervals in R using brackets [· · · ], (· · · ),
where [ , ] indicate a closed end of an interval, and ( , ) an open end of an interval.
Thus for example we have
(0, 1] = {x ∈ R : 0 < x 6 1} and [0,∞) = {x ∈ R : x > 0}.
We will also write intervals in R using brackets J· · ·K. As sets, these indicate a
closed end of an interval, so that J , K just mean the same as [ , ], for instance
J0, 1K = {x ∈ R : 0 6 x 6 1} and J0,∞) = {x ∈ R : x > 0}.
The difference is that [ , ] mean the interval is considered as a manifold with
(ordinary) corners near this end point, and J , K mean the interval is considered
as a manifold with analytic corners near this end point, in the sense below.
Sometimes we mix the two kinds, so that [0, 1] × J0, 1K is a square with
coordinates (x, y), such that the sides x = 0, x = 1 are ordinary boundaries,
and the sides y = 0, y = 1 are analytic boundaries. In Example 3.8 we will also
allow −∞,∞ as end points in the analytic case, so that
J−∞,∞K = {−∞}∐ R ∐ {∞},
with the obvious topology homeomorphic to [0, 1].
For 0 6 k, l 6 m we will write
R
m
l = [0,∞)
l × Rm−l, Rk,m = J0,∞)k × Rm−k,
and for 0 6 k, l 6 k + l 6 m we will write
R
k,m
l = J0,∞)
k × [0,∞)l × Rm−k−l,
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so that Rml ,R
k,m,Rk,ml are the local models for manifolds with corners, and
with analytic corners, and with both corners and analytic corners, respectively.
The next two definitions are the key to the whole paper.
Definition 3.2. Let U ⊆ Rk,m be open and f : U → R be continuous. Write
points of U as (x1, . . . , xm) with x1, . . . , xk ∈ J0,∞) and xk+1, . . . , xm ∈ R.
The b-derivative of f (if it exists) is a map b∂f : U → Rm, written b∂f =
(b∂1f, . . . ,
b∂mf) for
b∂if : U → R, where by definition
b∂if(x1, . . . , xm) =

0, xi = 0, i = 1, . . . , k,
xi
∂f
∂xi
(x1, . . . , xm), xi > 0, i = 1, . . . , k,
∂f
∂xi
(x1, . . . , xm), i = k + 1, . . . ,m.
(3.1)
We say that b∂f exists if (3.1) is well defined, that is, if ∂f∂xi exists on U∩{xi > 0}
if i = 1, . . . , k, and ∂f∂xi exists on U if i = k + 1, . . . ,m.
We can iterate b-derivatives (if they exist), to get maps b∂lf : U →
⊗l
R
m
for l = 0, 1, . . . , by taking b-derivatives of components of b∂jf for j = 0, . . . , l−1.
(i) We say that f is roughly differentiable, or r-differentiable, if b∂f exists and
is a continuous map b∂f : U → Rm.
(ii) We say that f is roughly smooth, or r-smooth, if b∂lf : U →
⊗l
R
m is
r-differentiable for all l = 0, 1, . . . .
(iii) We say that f is analytically differentiable, or a-differentiable, if it is r-
differentiable and for any compact subset S ⊆ U and i = 1, . . . , k, there
exist positive constants C,α such that∣∣b∂if(x1, . . . , xm)∣∣ 6 Cxαi for all (x1, . . . , xm) ∈ S. (3.2)
(iv) We say that f is analytically smooth, or a-smooth, or just smooth, if b∂lf :
U →
⊗l
R
m is a-differentiable for all l = 0, 1, . . . .
One can show that f is a-smooth if for all a1, . . . , am ∈ N and for any
compact subset S ⊆ U , there exist positive constants C,α such that∣∣∣∣ ∂a1+···+am∂xa11 · · · ∂xamm f(x1, . . . , xm)
∣∣∣∣ 6 C ∏
i=1,...,k: ai>0
xα−aii
for all (x1, . . . , xm) ∈ S with xi > 0 if i = 1, . . . , k with ai > 0,
(3.3)
where continuous partial derivatives must exist at the required points.
If f, g : U → R are a-smooth (or r-smooth) and λ, µ ∈ R then λf + µg and
fg : U → R are a-smooth (or r-smooth). Thus, the set C∞(U) of a-smooth
functions f : U → R is an R-algebra, and in fact a C∞-ring in the sense of [39].
If I ⊆ R is an open interval, such as I = (0,∞), we say that a map f : U → I
is a-smooth, or just smooth, if it is a-smooth as a map f : U → R.
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Definition 3.3. Let U ⊆ Rk,m and V ⊆ Rl,n be open, and f = (f1, . . . , fn) :
U → V be a continuous map, so that fj = fj(x1, . . . , xm) maps U → J0,∞) for
j = 1, . . . , l and U → R for j = l + 1, . . . , n. Then we say:
(a) f is r-smooth if fj : U → R is r-smooth in the sense of Definition 3.2 for j =
l + 1, . . . , n, and every u = (x1, . . . , xm) ∈ U has an open neighbourhood
U˜ in U such that for each j = 1, . . . , l, either:
(i) we may uniquely write fj(x˜1, . . . , x˜m) = Fj(x˜1, . . . , x˜m)·x˜
a1,j
1 · · · x˜
ak,j
k
for all (x˜1, . . . , x˜m) ∈ U˜ , where Fj : U˜ → (0,∞) is r-smooth as in
Definition 3.2, and a1,j , . . . , ak,j ∈ [0,∞), with ai,j = 0 if xi 6= 0; or
(ii) fj |U˜ = 0.
(b) f is a-smooth, or just smooth, if fj : U → R is a-smooth in the sense of
Definition 3.2 for j = l+ 1, . . . , n, and every u = (x1, . . . , xm) ∈ U has an
open neighbourhood U˜ in U such that for each j = 1, . . . , l, either:
(i) we may uniquely write fj(x˜1, . . . , x˜m) = Fj(x˜1, . . . , x˜m)·x˜
a1,j
1 · · · x˜
ak,j
k
for all (x˜1, . . . , x˜m) ∈ U˜ , where Fj : U˜ → (0,∞) is a-smooth as in
Definition 3.2, and a1,j , . . . , ak,j ∈ [0,∞), with ai,j = 0 if xi 6= 0; or
(ii) fj |U˜ = 0.
(c) f is interior if it is a-smooth, and case (b)(ii) does not occur.
(d) f is b-normal if it is interior, and in case (b)(i), for each i = 1, . . . , k we
have ai,j > 0 for at most one j = 1, . . . , l.
(e) f is strongly a-smooth, or just strongly smooth, if it is a-smooth, and in case
(b)(i), for each j = 1, . . . , l we have ai,j > 0 for at most one i = 1, . . . , k.
(f) f is an a-diffeomorphism, or just diffeomorphism, if it is an a-smooth
bijection with a-smooth inverse.
All the classes (a)–(f) include identities and are closed under composition.
Remark 3.4. (i) Readers are advised to study Definitions 3.2, 3.3 and Example
3.5 before going on, to get a feeling for r-smooth and a-smooth functions.
(ii) Oversimplifying a little bit, given f : U → R for open U ⊆ Rk,m as in
Definition 3.2, the b-derivative b∂f : U → Rm is
b∂f =
(
x1
∂f
∂x1
, . . . , xk
∂f
∂xk
, ∂f∂xk+1 , . . . ,
∂f
∂xm
)
, (3.4)
a section of the b-cotangent bundle bT ∗U as in Definition 2.11, and then f is
r-smooth if b∂lf : U →
⊗k
R
m exists for all l > 0, as a section of
⊗l bT ∗U .
Note that for the components xi
∂f
∂xi
in (3.4), we do not need ∂f∂xi to exist at
points (x1, . . . , xm) with xi = 0, we just write xi
∂f
∂xi
= 0 when xi = 0 whether
∂f
∂xi
exists or not. But we do want the resulting function xi
∂f
∂xi
to be continuous,
and to have further derivatives.
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(iii) From now on, by an abuse of notation we will usually write ‘xi
∂f
∂xi
’ to
mean the function which is 0 when xi = 0, and equals xi
∂f
∂xi
when xi > 0. In
particular, we do not require the derivative ∂f∂xi to exist when xi = 0, we just
define xi
∂f
∂xi
= 0 when xi = 0, whether
∂f
∂xi
exists or not.
(iv) A-smooth functions are r-smooth functions satisfying decay conditions on
their derivatives near the boundary hyperplanes xi = 0 for i = 1, . . . , k.
Think of a-smoothness as a ‘strong’ boundary smoothness condition, and
r-smoothness as a ‘weak’ boundary smoothness condition. There are a range of
other conditions interpolating between a-smoothness and r-smoothness, which
may be useful in some problems. For example, we could replace (3.2) by∣∣b∂if(x1, . . . , xm)∣∣ 6 C| log xi|−α when 0 < xi < 1, for C,α > 0. (3.5)
We have chosen to base our theory of manifolds with a-corners primarily
upon the ‘strong’ notion of a-smoothness, rather than on the ‘weak’ notion
of r-smoothness, or any intermediate condition. This gives our theory better
properties — some results below would be false if we replaced a-smoothness
by r-smoothness. But it has the disadvantage of making it less convenient for
problems involving r-smooth but not a-smooth functions.
(v) Note the similarity between Definition 2.1(b)–(f) and Definition 3.3(b)–(f).
One difference is that in the local formula fj(x˜1, . . . , x˜m) = Fj(x˜1, . . . , x˜m) ·
x˜
a1,j
1 · · · x˜
ak,j
k for (a-)smooth maps U → [0,∞) or U → J0,∞), we take ai,j ∈ N
in Definition 2.1, but ai,j ∈ [0,∞) in Definition 3.3.
Example 3.5. (a) Define f : J0,∞)→ R by f(x) = xα, for α > 0 in R. Then
f is a-smooth, since (3.3) for any S ⊆ J0,∞) reduces to∣∣ dl
dxl
f(x)
∣∣ 6 Cxα−l,
which holds with C = α|α− 1| · · · |α− l + 1| for all l > 0, and the given α.
(b) Define f : J0,∞)→ R by f(x) = xα · sin(log x) for x > 0 and f(0) = 0, for
α > 0 in R. Then xl d
l
dxl f(x) = O(x
α) as x→ 0 for all l > 0, so f is a-smooth.
In both (a),(b) f is not smooth in the usual sense, and these examples
suggest that Taylor series may not work well for a-smooth functions.
(c) Define f : J0, 1)→ R by f(x) = (log x)−1 for 0 < x < 1 and f(0) = 0. Then
b∂lf(x) =
(
x ddx
)l
f(x) = (−1)ll!(log x)−l−1 for x ∈ (0, 1), and b∂lf(0) = 0.
Thus b∂lf : J0, 1) → R is continuous for all l > 0, and f is r-smooth, and
satisfies the intermediate decay condition (3.5). However, f is not a-smooth,
since we do not have b∂lf = O(xα) as x→ 0 for l > 0 and any α > 0.
(d) Define f : J0, 1) → R by f(x) = (log(− log x))−1 for 0 < x < 1, and
f(0) = 0. As in (c), f is r-smooth and satisfies (3.5), but is not a-smooth.
(e) Let U ⊆ Rmk = R
k,m and V ⊆ Rnl = R
l,m be open, and f : U → V be
smooth (or strongly smooth, or interior) in the sense of Definition 2.1. Then f
is also a-smooth (or strongly a-smooth, or interior, respectively) in the sense of
Definition 3.3. The converse does not hold, as (a),(b) show.
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3.2 The definition of manifolds with a-corners
We can now define manifolds with a-corners.
Definition 3.6. Let X be a second countable Hausdorff topological space. An
m-dimensional a-chart on X is a pair (U, φ), where U ⊆ Rk,m is open for some
0 6 k 6 m, and φ : U → X is a homeomorphism with an open set φ(U) ⊆ X .
Let (U, φ), (V, ψ) be m-dimensional a-charts on X . We call (U, φ) and
(V, ψ) compatible if ψ−1 ◦ φ : φ−1
(
φ(U) ∩ ψ(V )
)
→ ψ−1
(
φ(U) ∩ ψ(V )
)
is an
a-diffeomorphism between open subsets of Rk,m,Rl,m, as in Definition 3.3(f).
An m-dimensional a-atlas for X is a system {(Ua, φa) : a ∈ A} of pairwise
compatible m-dimensional a-charts on X with X =
⋃
a∈A φa(Ua). We call such
an a-atlas maximal if it is not a proper subset of any other a-atlas. Any a-
atlas {(Ua, φa) : a ∈ A} is contained in a unique maximal a-atlas, the set of all
a-charts (U, φ) on X which are compatible with (Ua, φa) for all a ∈ A.
An m-dimensional manifold with analytic corners, or with a-corners, is a
second countable Hausdorff topological space X equipped with a maximal m-
dimensional a-atlas. Usually we refer to X as the manifold with a-corners,
leaving the atlas implicit, and by an a-chart (U, φ) on X , we mean an element
of the maximal atlas.
Now let X,Y be manifolds with a-corners of dimensions m,n, and f : X →
Y a continuous map. We call f r-smooth, or a-smooth (or just smooth), or
interior, or b-normal, or strongly a-smooth (or just strongly smooth), if whenever
(U, φ), (V, ψ) are a-charts on X,Y with U ⊆ Rk,m, V ⊆ Rl,n open, then
ψ−1 ◦ f ◦ φ : (f ◦ φ)−1(ψ(V )) −→ V (3.6)
is r-smooth, or a-smooth, or interior, or b-normal, or strongly a-smooth, respec-
tively, as maps between open subsets of Rk,m,Rl,n in the sense of Definition 3.3.
We call f : X → Y an a-diffeomorphism, or just diffeomorphism, if f is a
bijection and f : X → Y , f−1 : Y → X are a-smooth.
These five classes of (a) r-smooth, (b) a-smooth, (c) interior, (d) b-normal,
and (e) strongly a-smooth maps of manifolds with a-corners, all contain identi-
ties and are closed under composition, so each makes manifolds with a-corners
into a category. Here r-smooth maps may not be a-smooth.
We write Manac for the category with objects manifolds with a-corners
X,Y, and morphisms a-smooth maps f : X → Y in the sense above. We write
Manacin ,Man
ac
st for the subcategories of Man
ac with morphisms interior maps,
and strongly a-smooth maps, respectively.
Write Mˇanac for the category whose objects are disjoint unions
∐∞
m=0Xm,
where Xm is a manifold with a-corners of dimension m, allowing Xm = ∅, and
whose morphisms are continuous maps f :
∐∞
m=0Xm →
∐∞
n=0 Yn, such that
f |Xm∩f−1(Yn) : Xm ∩ f
−1(Yn) → Yn is an a-smooth map of manifolds with
a-corners for all m,n > 0. Objects of Mˇanac will be called manifolds with a-
corners of mixed dimension. We regardManac as a full subcategory of Mˇanac.
Alternatively, we can regard Mˇanac as the category defined as for Manac
above, except that in defining a-atlases {(Ua, φa) : a ∈ A} on X , we do not
require a-charts (Ua, φa) in the atlas to have the same dimension dimUa = m.
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We will also write Mˇanacin , Mˇan
ac
st for the subcategories of Mˇan
c with the
same objects, and morphisms interior, or strongly a-smooth, respectively.
Definition 3.7. We will define a functor FMan
ac
Manc :Man
c →Manac, forManc
as in §2.1 andManac as above. Let X be a manifold with corners of dimension
m, with maximal atlas {(Ua, φa) : a ∈ A}, so that Ua ⊆ R
m
k is open for a ∈ A.
Identifying Rmk = [0,∞)
k × Rm−k = Rk,m, so that Ua ⊆ R
k,m is open, we see
that (Ua, φa) is an m-dimensional a-chart on X in the sense of Definition 3.6.
If a, b ∈ A then φ−1b ◦ φa : φ
−1
a (φb(Ub)) → φ
−1
b (φa(Ua)) is a diffeomorphism
between open subsets of Rmk ,R
m
l , as (Ua, φa), (Ub, φb) are compatible charts.
Thus φ−1b ◦φa is also an a-diffeomorphism between open subsets of R
k,m,Rl,m by
Example 3.5(e). So (Ua, φa), (Ub, φb) are compatible a-charts. Hence {(Ua, φa) :
a ∈ A} is an a-atlas on X in the sense of Definition 3.6. In general it will not
be a maximal a-atlas (though it is a maximal atlas).
Write {(U˜a, φ˜a) : a ∈ A˜} for the unique maximal a-atlas on X containing
{(Ua, φa) : a ∈ A}. Then
(
X, {(U˜a, φ˜a) : a ∈ A˜}
)
is a manifold with a-corners.
Set FMan
ac
Manc
(
X, {(Ua, φa) : a ∈ A}
)
=
(
X, {(U˜a, φ˜a) : a ∈ A˜}
)
.
Let X,Y be manifolds with corners, with maximal atlases {(Ua, φa) : a ∈
A}, {(Vb, ψb) : b ∈ B}, and write {(U˜a, φ˜a) : a ∈ A˜}, {(V˜b, ψ˜b) : b ∈ B˜} for
the corresponding maximal a-atlases. Let f : X → Y be smooth (i.e. f is a
morphism in Manc). Then for all a ∈ A and b ∈ B,
ψ−1b ◦ f ◦ φa : (f ◦ φa)
−1(ψb(Vb)) −→ Vb
is a smooth map between open subsets of Rmk ,R
n
l . Hence it is also an a-smooth
map between open subsets of Rk,m,Rl,n by Example 3.5(e). As this holds for
sets of a-charts (Ua, φa), (Vb, ψb) covering X and Y , we see that f : X → Y is
an a-smooth map between the manifolds with a-corners
(
X, {(U˜a, φ˜a) : a ∈ A˜}
)
,(
Y, {(V˜b, ψ˜b) : b ∈ B˜}
)
, that is, f is a morphism in Manac. Set FMan
ac
Manc (f) = f .
Clearly, this defines a functor FMan
ac
Manc : Man
c → Manac, which is faithful
(injective on morphisms). Example 3.5(a),(b) show that FMan
ac
Manc is not full
(surjective on morphisms). Comparing Definitions 2.1(c),(e) and 3.3(c),(e) we
see that FMan
ac
Manc maps Man
c
in →Man
ac
in and Man
c
st →Man
ac
st . It extends to
F Mˇan
ac
Mˇanc
: Mˇanc → Mˇanac in the obvious way.
Example 3.8. Given any interval I in R, such as [a, b], (a, b), [0,∞), . . . , we
regard I as a manifold with corners in the usual way, and make I into a manifold
with a-corners by applying FMan
ac
Manc . When we do this, as in Definition 3.1 we
replace brackets ‘[ , ]’ by ‘J , K’, so that Ja, bK = FMan
ac
Manc ([a, b]), for instance.
We extend this notation to allow −∞,∞ as closed end points of intervals
for manifolds with a-corners, so that for example J−∞,∞K is a manifold with
a-corners, with topological space {−∞} ∐ R ∐ {∞}, with the obvious topol-
ogy homeomorphic to [0, 1]. We do this such that
(
J0, ǫ), φ±
)
are a-charts on
J−∞,∞K near ±∞ for ǫ > 0, where φ± : J0, ǫ)→ J−∞,∞K are defined by
φ+(x) =
{
− logx, x > 0,
∞, x = 0,
φ−(x) =
{
log x, x > 0,
−∞, x = 0.
(3.7)
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Note that the a-smooth structure on J−∞,∞K near ±∞ is determined by
the asymptotic behaviour as x → 0 of the functions ± log x in (3.7), so for
instance φ±(x) = ±x−1 for x > 0 would give a different a-smooth structure.
We chose (3.7) so that in the notation of §4.2, the vector field ddx on R extends
to an a-smooth, nonvanishing section of the b-tangent bundle bT J−∞,∞K.
Example 3.9. Consider J0,∞)×R as a manifold with a-corners, with coordi-
nates (x, y). Fix α > 0, and let Z act freely on J0,∞)× R by
n : (x, y) 7−→ (xα
n
, y + n).
This is an a-diffeomorphism for each n ∈ Z. Define X = (J0,∞)× R)/Z. Then
X has a natural manifold with a-corners structure, such that the projection
J0,∞) × R → X is a-smooth, and a local a-diffeomorphism. We will show in
Example 4.17 that if α 6= 1 then X 6∼= FMan
ac
Manc (Y ) in Man
ac for any manifold
with corners Y . Thus FMan
ac
Manc :Man
c →Manac is not essentially surjective.
Example 3.10. Products work as usual in Manac. For manifolds with a-
corners X,Y , there is a unique manifold with a-corner structure on X×Y with
dimension dimX +dim Y , such that if (U, φ), (V, ψ) are a-charts on X,Y , then
(U × V, φ× ψ) is an a-chart on X × Y . If g : X → Y , h : X → Z are a-smooth
maps then the direct product (g, h) : X → Y × Z, (g, h)(x) 7→ (g(x), h(x)), is
a-smooth. If g : W → Y , h : X → Z are a-smooth then the product g × h :
W ×X → Y × Z, (g × h)(w, x) 7→ (g(w), h(x)), is a-smooth.
3.3 ‘Gluing profiles’, and a functor Manac
st
→Manc
st
The material of this section is inspired by the method of ‘gluing profiles’ in Hofer,
Wysocki and Zehnder’s theory of polyfolds [26, §2], [27, §2.1]. A parallel idea
occurs in Fukaya, Oh, Ohta and Ono’s theory of Kuranishi spaces [19, §A1.4,
p. 777], [20]. A very similar notion also occurs in Hassell, Mazzeo and Melrose
[25, §2.5], under the name ‘total logarithmic blowup’, where it is regarded as
way of modifying the smooth structure of a manifold with corners. We explain
the connection to [19, 20, 26, 27] in Remark 3.13(c).
Definition 3.7 defined a functor FMan
ac
Manc : Man
c → Manac. We would like
to go the other way, and define a functor Manac → Manc turning manifolds
with a-corners into manifolds with corners. It turns out that this works only for
strongly a-smooth maps, giving a functor F
Manc
st
Manac
st
:Manacst →Man
c
st.
Definition 3.11. Define a homeomorphism ϕ : [0,∞)→ J0,∞) by
ϕ(x) =
{
0, x = 0,
ex−x
−1
, x > 0.
(3.8)
The inverse map is ϕ−1 : J0,∞)→ [0,∞), given by
ϕ−1(x) =
{
0, x = 0,
1
2
(
log x+
√
(log x)2 + 4
)
, x > 0.
(3.9)
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Here we think of the domain J0,∞) of ϕ−1 as a manifold with a-corners, and
the target [0,∞) as a manifold with corners, and ϕ−1 as our recipe for how to
convert the manifold with a-corners J0,∞) into a manifold with corners [0,∞).
Note that for small x > 0 we have ϕ(x) ≈ e−1/x and ϕ−1(x) ≈ −(log x)−1.
Suppose X is a manifold with a-corners of dimension m, with maximal a-
atlas
{
(Ua, φa) : a ∈ A
}
. Let a ∈ A, so that Ua ⊆ R
k,m is open. Define an open
subset U˜a ⊆ R
m
k and a continuous map φ˜a : U˜a → X by
U˜a =
{
(ϕ−1(x1), . . . , ϕ
−1(xk), xk+1, . . . , xm)∈R
m
k : (x1, . . . , xm)∈Ua
}
,
φ˜a : (x˜1, . . . , x˜m) 7−→ φa
(
ϕ(x˜1), . . . , ϕ(x˜k), x˜k+1, . . . , x˜m
)
.
Then we have a commutative diagram of continuous maps
R
m
k
ϕk×idm−k
R
∼= 
U˜a
ϕk×idm−k
R
∼=

⊂
oo
φ˜a
++❱❱❱
❱❱❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱❱
❱
R
k,m Ua
⊂oo φa // X,
with vertical maps homeomorphisms. Since (Ua, φa) is an a-chart on X , (U˜a, φ˜a)
is a chart on X , in the sense of Definition 2.2.
Let a, b ∈ A, with Ua ⊆ R
k,m, Ub ⊆ R
l,m open, so that (Ua, φa), (Ub, φb)
are compatible a-charts on X . We claim that (U˜a, φ˜a), (U˜b, φ˜b) are compatible
charts on X . To prove this, set U˙a = φ
−1
a (φb(Ub)), U˙b = φ
−1
b (φa(Ua)), so that
U˙a ⊆ R
k,m, U˙b ⊆ R
l,m are open, and φ−1b ◦φa : U˙a → U˙b is an a-diffeomorphism.
Write (x1, . . . , xm) for the coordinates on U˙a, and φ
−1
b ◦ φa = (f1, . . . , fm) for
fj = fj(x1, . . . , xm), where fj : U˙a → J0,∞) for j = 1, . . . , l and fj : U˙a → R
for j = l + 1, . . . ,m are a-smooth (and interior). By Definition 3.3(b), for
j = 1, . . . , l we may write
fj(x1, . . . , xm) = Fj(x1, . . . , xm) · x
a1,j
1 · · ·x
ak,j
k
locally in U˙a, where Fj : U˙a → (0,∞) is r-smooth, and a1,j , . . . , ak,j ∈ [0,∞).
Since (f1, . . . , fm) is an a-diffeomorphism, and so strongly a-smooth, by Defini-
tion 3.3(b) for each j = 1, . . . , l we have ai,j > 0 for at most one i = 1, . . . , k.
Similarly, set ˙˜Ua = φ˜
−1
a (φ˜b(U˜b)),
˙˜Ub = φ˜
−1
b (φ˜a(U˜a)), write (x˜1, . . . , x˜m) for
the coordinates on ˙˜Ua, and φ˜
−1
b ◦ φ˜a = (f˜1, . . . , f˜m) for f˜j = f˜j(x˜1, . . . , x˜m),
where f˜j :
˙˜Ua → [0,∞) for j = 1, . . . , l and f˜j :
˙˜Ua → R for j = l + 1, . . . ,m.
From the definitions we find that for j = 1, . . . , l we have
f˜j(x˜1, . . . , x˜m) = ϕ
−1
[
Fj(ϕ(x˜1), . . . , ϕ(x˜k), x˜k1 , . . . , x˜m)
· ϕ(x˜1)
a1,j · · ·ϕ(x˜k)
ak,j
]
, 1 6 j 6 l,
(3.10)
f˜j(x˜1, . . . , x˜m) = fj(ϕ(x˜1), . . . , ϕ(x˜k), x˜k1 , . . . , x˜m), l < j 6 m. (3.11)
We now claim that f˜j :
˙˜Ua → [0,∞),R in (3.10)–(3.11) are smooth maps of
manifolds with corners in the sense of §2.1. To see this for (3.11), note that if
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i = 1, . . . , k and j = l+ 1, . . . ,m then
∂f˜j
∂x˜i
(x˜1, . . . , x˜m) =
∂fj
∂xi
(ϕ(x˜1), . . . , ϕ(x˜k), x˜k1 , . . . , x˜m) ·
∂ϕ(x˜i)
∂x˜i
=
(
xi
∂fj
∂xi
)
(ϕ(x˜1), . . . , ϕ(x˜k), x˜k1 , . . . , x˜m) · (1 + x˜
−2
i ),
(3.12)
using xi = ϕ(x˜i) and
∂ϕ(x˜i)
∂x˜i
= (1 + x˜−2i ) · ϕ(x˜i). By definition of a-smoothness
in §3.1, locally in U˙a we have∣∣xi ∂fj∂xi (x1, . . . , xm)∣∣ 6 Cxαi
for some C,α > 0. Hence by (3.12), locally in ˙˜Ua we have∣∣∂f˜j
∂x˜i
(x˜1, . . . , x˜m)
∣∣ 6 Cϕ(x˜i)α · (1 + x˜−2i ). (3.13)
The right hand side of (3.13) tends to 0 as x˜i → 0+. It is obvious from the
definitions that
∂f˜j
∂x˜i
exists in ˙˜Ua where x˜i > 0, but (3.13) implies that
∂f˜j
∂x˜i
also
extends continuously over x˜i = 0 in
˙˜Ua, with value 0.
A generalization of this argument, using a-smoothness of fj , shows that
all multiderivatives ∂
a1+···+am
∂x˜
a1
1
···∂x˜amm
f˜j(x˜1, . . . , x˜m) for a1, . . . , am > 0 exist and are
continuous in ˙˜Ua, and take the value 0 if i = 1, . . . , k with x˜i = 0 and ai > 0.
Hence f˜j :
˙˜Ua → R in (3.11) for j = l + 1, . . . ,m is smooth in the sense of §2.1.
For (3.10), fix j = 1, . . . , l. Then by strong a-smoothness we have ai,j > 0
for at most one i = 1, . . . , k. If there are no such i, the argument above easily
shows that f˜j :
˙˜Ua → (0,∞) is smooth. If there is one such i then we may write
f˜j(x˜1, . . . , x˜m) = Ψ
(
Fj(ϕ(x˜1), . . . , ϕ(x˜k), x˜k1 , . . . , x˜m), x˜i
)
,
where Ψ : (0,∞)× [0,∞)→ [0,∞) is given by
Ψ(s, t) = ϕ−1
(
s · ϕ(t)ai,j
)
.
One can show by direct calculation that Ψ is a strongly smooth map of manifolds
with corners, with Ψ(s, t) ≈ a−1i,j t for small t > 0. The argument above shows
that Fj(ϕ(x˜1), . . . , ϕ(x˜k), x˜k1 , . . . , x˜m) is smooth on
˙˜Ua, as Fj is a-smooth on
U˙a, and x˜i :
˙˜Ua → [0,∞) is clearly strongly smooth. Hence f˜j :
˙˜Ua → [0,∞) in
(3.10) for j = 1, . . . , l is strongly smooth in the sense of §2.1.
This proves that the transition function φ˜−1b ◦ φ˜a :
˙˜Ua →
˙˜Ub is strongly
smooth. Similarly φ˜−1a ◦ φ˜b :
˙˜Ub →
˙˜Ua is strongly smooth, so (U˜a, φ˜a), (U˜b, φ˜b)
are compatible charts on X . As this holds for all a, b ∈ A,
{
(U˜a, φ˜a) : a ∈ A
}
is
an atlas on X , which extends to a unique maximal atlas, making X into an m-
dimensional manifold with corners, which we write as X˜. Set F
Manc
st
Manac
st
(X) = X˜.
Now suppose f : X → Y is a strongly a-smooth map of manifolds with
a-corners, and write X˜ = F
Manc
st
Manac
st
(X), Y˜ = F
Manc
st
Manac
st
(Y ) for the associated man-
ifolds with corners. Then X = X˜ , Y = Y˜ as topological spaces, though the
20
(a-)atlases on X,Y and X˜, Y˜ are different. We claim that f : X˜ → Y˜ is a
strongly smooth map of manifolds with corners. To see this, let (Ua, φa) and
(Vb, ψb) be a-charts on X,Y , and (U˜a, φ˜a) and (V˜b, ψ˜b) the corresponding charts
on X˜, Y˜ . Write U˙a = (f ◦ φa)−1(ψb(Vb)), so that U˙a ⊆ Ua ⊆ R
k,m is open.
Then by definition ψ−1b ◦ f ◦ φa : U˙a → Vb is a strongly a-smooth map of open
subsets U˙a ⊆ R
k,m, Vb ⊆ R
l,n.
The argument above that φ˜−1b ◦ φ˜a is strongly smooth uses only that φ
−1
b ◦φa
is strongly a-smooth, not that it is an a-diffeomorphism. Thus, exactly the same
argument shows that ψ˜−1b ◦ f ◦ φ˜a :
˙˜Ua → V˜b is strongly smooth. As this holds
for all charts (U˜a, φ˜a), (V˜b, ψ˜b) in atlases for X˜, Y˜ , we see that f : X˜ → Y˜ is
strongly smooth. Define F
Manc
st
Manac
st
(f) = f . Then F
Manc
st
Manac
st
: Manacst → Man
c
st is
a functor. It is faithful, but not full. It maps interior morphisms to interior
morphisms, and extends to F
Mˇanc
st
Mˇanac
st
: Mˇanacst → Mˇan
c
st in the obvious way.
Example 3.12. (a) Define f : J0,∞) → J0,∞) by f(x) = xα for α > 0.
Identify F
Manc
st
Manac
st
(J0,∞)) with [0,∞) via ϕ−1 : J0,∞) → [0,∞) in (3.9). Then
f˜ = F
Manc
st
Manac
st
(f) is a smooth map [0,∞)→ [0,∞), in the commutative diagram
J0,∞)
ϕ−1
//
f
[0,∞)
f˜ 
J0,∞)
ϕ−1 // [0,∞).
Substituting in (3.8)–(3.9) shows that
f˜(x) = 12
(
α(x− x−1) +
√
α2(x− x−1)2 + 4
)
, x > 0, and f˜(0) = 0.
This is smooth, with f˜(x) ≈ α−1x for small x.
(b) Define g : J0,∞)2 → J0,∞) by g(x, y) = xy. It is a-smooth, but not strongly
a-smooth. Identify F
Manc
st
Manac
st
(J0,∞)), F
Manc
st
Manac
st
(J0,∞)2) with [0,∞), [0,∞)2 via
ϕ−1, ϕ−1 × ϕ−1. Define g˜ : [0,∞)2 → [0,∞) by the commutative diagram
J0,∞)2
ϕ−1×ϕ−1
//
g

[0,∞)2
g˜ 
J0,∞)
ϕ−1 // [0,∞).
Substituting in (3.8)–(3.9) shows that
g˜(x, y) =
{
1
2
(
x−x−1+y−y−1 +
√
(x−x−1+y−y−1)2+4
)
, x, y > 0,
0, xy = 0.
This satisfies g˜(x, y) ≈ xy/(x+ y) for small x, y, so g˜ is not smooth at (0, 0).
This example shows that in Definition 3.11, if f : X → Y is a-smooth, but
not strongly a-smooth, then f : X˜ → Y˜ may not be smooth (in fact, it is never
smooth), and F
Manc
st
Manac
st
cannot be extended to a functor Manac →Manc.
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This example is discussed by Hassell, Mazzeo and Melrose [25, §2.5, Ex. 1].
They also note that g˜(x, y) ≈ xy/(x+ y) is non-smooth after doing their ‘total
logarithmic blowup’, and say that in their framework one should perform a
further (ordinary, not logarithmic) blowup π : Xˆ → X˜ of X˜ at (0, 0), and then
the pullback gˆ = π∗(g˜) is smooth on Xˆ.
Remark 3.13. (a) In §3.1–§3.2 we chose to define manifolds with a-corners us-
ing a-smooth functions, including the O(xα) decay condition (3.2) near bound-
ary hypersurfaces x = 0, rather than the weaker r-smooth functions.
If we had used r-smooth functions, the definition of F
Manc
st
Manac
st
above would not
have worked, as (3.2) is needed in (3.13) to prove compatibility of charts.
(b) Composing FMan
ac
Manc , F
Manc
st
Manac
st
gives functors
F
Manc
st
Manac
st
◦ FMan
ac
Manc :Man
c
st →Man
c
st, F
Manac
Manc ◦ F
Manc
st
Manac
st
:Manacst →Man
ac
st .
These are not the identities, and both are faithful but not full. If X is a manifold
with corners, one can prove that there is a noncanonical diffeomorphism X ∼=
F
Manc
st
Manac
st
◦ FMan
ac
Manc (X) in Man
c. But Examples 3.9 and 4.17 show that there
exist manifolds with a-corners X with X 6∼= FMan
ac
Manc ◦ F
Manc
st
Manac
st
(X) in Manac.
(c) Hofer–Wysocki–Zehnder’s polyfolds [26–28] and Fukaya–Oh–Ohta–Ono’s
Kuranishi spaces [19–21] are geometrical spaces used to describe moduli spaces
M of J-holomorphic curves in symplectic geometry, including singular curves.
Neglecting issues to do with orbifolds, for Kuranishi spaces M is locally
modelled on s−1(0), where V is a manifold with corners, E → V a vector bundle,
and s : V → E a smooth section. Singular curves correspond to v ∈ s−1(0) lying
in a boundary stratum of V . In the more complicated polyfold picture, roughly
the same holds, but with V,E infinite-dimensional.
An aspect of both theories is related to our functor F
Manc
st
Manac
st
above. One
describes curves Σx near a singular curve Σ0 using a ‘neck length’ x ∈ [0,∞),
where the curve is singular when x = 0. For quantities such as the Kuranishi
section s, one proves estimates of the form ∂
k
∂xk
s = O(xα−k) for some α > 0 and
all k = 0, 1, . . . . Thus, if x ∈ [0,∞) is a coordinate normal to ∂V in the obvious
way, the Kuranishi section s may not be smooth at x = 0. Both groups deal
with this by changing coordinates from x to x˜ with x = e−1/x˜, [27, §2.1], [19,
p. 777], [20, §1], so that s is smooth as a function of x˜. In the polyfold theory,
the choice of coordinate change function x˜ 7→ e−1/x˜ is called a ‘gluing profile’.
In (3.8) we have ϕ(x˜) ≈ e−1/x˜ for x˜ > 0 small, so our definition of F
Manc
st
Manac
st
essentially applies the change of coordinates in V normal to ∂V in [19, 26, 27].
We advocate the following point of view, discussed further in §6.3:
(i) To describe ‘moduli spaces with corners’M in differential geometry, such
as those in [19,20,26–28], the natural smooth structure to use is manifolds
with a-corners, not manifolds with corners. So, for example, we should
locally model M as s−1(0) for V a manifold with a-corners, E → V a
vector bundle, and s : V → E an a-smooth section.
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(ii) The method of gluing profiles in [26, 27], and its analogue in [19, 20] are
equivalent to first constructing V,E, s in Manac as in (i), and then ap-
plying F
Manc
st
Manac
st
to V,E, s to get V˜ , E˜, s˜ in Manc.
(iii) There may be advantages to working with manifolds with a-corners, rather
than manifolds with corners, in moduli problems of this kind.
One advantage is that the a-smooth structure is more canonical. Another
is that F
Manc
st
Manac
st
only works for strongly a-smooth maps. There are im-
portant morphisms between moduli spaces of J-holomorphic curves (e.g.
forgetting a marked point) which may be locally modelled on a-smooth,
but not strongly a-smooth, maps. Such morphisms will be a-smooth when
written using manifolds with a-corners, but will be non-smooth when de-
scribed using manifolds with corners and gluing profiles as in [19,20,26,27].
3.4 Real analytic manifolds with a-corners
We recall the definition of real analytic for ordinary manifolds with corners:
Definition 3.14. Let U ⊆ Rmk be open, and f : U → R be a smooth function.
We call f real analytic if either of the following two equivalent conditions hold:
(i) There exists an open neighbourhood V of U in Cm and a holomorphic
function g : U → C with g|U = f , where U ⊆ R
m
k ⊆ R
m ⊆ Cm.
(ii) For each x ∈ U , the Taylor series of f at x converges absolutely to f in a
neighbourhood of x in U .
Let U ⊆ Rmk and V ⊆ R
n
l be open, and f : U → V be a smooth function,
as in Definition 2.1. We say that f is real analytic if in Definition 2.1(b)(i), the
local functions Fj : U → (0,∞) are real analytic as functions U → R.
We can now define the category Mancra of real analytic manifolds with cor-
ners, with full subcategories Manra ⊂Manbra ⊂Man
c
ra of real analytic mani-
folds and real analytic manifolds with boundary, by following Definition 2.2 but
using real analytic maps f : U → V rather than smooth maps throughout, for
open U ⊆ Rmk , V ⊆ R
n
l .
We generalize Definition 3.14 to manifolds with a-corners:
Definition 3.15. Let Rk,m = J0,∞)k × Rm−k have coordinates (x1, . . . , xm).
We consider the complexification of Rk,m to be Rk,m × Rm = Rk,2m, with
coordinates (x1, . . . , xm, y1, . . . , ym), where we embed R
k,m →֒ Rk,m × Rm by
(x1, . . . , xm) 7→ (x1, . . . , xm, 0, . . . , 0). Let V ⊆ R
k,m × Rm be open, and g :
V → C be a-smooth. We call g a-holomorphic if
xj
∂g
∂xj
+ i ∂g∂yj = 0, j = 1, . . . , k, and
∂g
∂xj
+ i ∂g∂yj = 0, j = k + 1, . . . ,m.
(3.14)
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Let U ⊆ Rk,m be open, and f : U → R be a-smooth. We call f real analytic if
there exists an open neighbourhood V of U in Rk,m×Rm and an a-holomorphic
function g : V → C with g|U = f .
Let U ⊆ Rk,m and V ⊆ Rl,n be open, and f : U → V be an a-smooth
function, as in Definition 3.3. We say that f is real analytic if in Definition
3.3(b)(i), the local a-smooth functions Fj : U → (0,∞) are real analytic as
functions U → R.
We can now define the category Manacra of real analytic manifolds with a-
corners, with full subcategories Manra ⊂ Manabra ⊂ Man
ac
ra of real analytic
manifolds (as in Definition 3.14) and real analytic manifolds with a-boundary,
by following Definition 3.6 but using real analytic maps f : U → V rather than
a-smooth maps throughout, for open U ⊆ Rk,m, V ⊆ Rl,n.
Example 3.16. Let α > 0 and β ∈ R. Define g : J0, 1)× R→ C by
g(x, y) =
{
xα · exp(iαy) · (log x+ iy)β , x > 0,
0, x = 0.
Then g is a-smooth and satisfies (3.14), so g is a-holomorphic. Therefore f :
J0, 1)→ R given by
f(x) =
{
xα(log x)β , x > 0,
0, x = 0,
is a-smooth and real analytic.
Remark 3.17. (a) For manifolds with corners, as in Definition 3.14(i),(ii) we
have two equivalent definitions of real analytic. For manifolds with a-corners,
we have generalized (i). We do not know an equivalent definition (ii), involving
‘Taylor series’ for a-smooth or a-holomorphic functions at corner points.
As in §5.5, in Melrose’s theory of analysis on manifolds with corners there
is a notion of polyhomogeneous conormal function, which is like a kind of Tay-
lor series at boundary and corner points, but our real analytic functions are
not equivalent to functions which are locally the limits of a polyhomogeneous
conormal expansion, as Example 3.16 with β /∈ N shows.
(b) There are many situations in which solutions of elliptic p.d.e.s are known
to be real analytic. For example, if (X, g) is an Einstein Riemannian manifold,
then X has a unique real analytic structure with respect to which g is real
analytic. The author expects that in the same way, solutions of elliptic p.d.e.s
on manifolds with a-corners will often be real analytic in the sense above.
3.5 Manifolds with both corners and a-corners
So far we have studied manifolds with corners Manc, locally modelled on
R
m
l = [0,∞)
l × Rm−l, and manifolds with a-corners Manac, locally mod-
elled on Rk,m = J0,∞)k × Rm−k. We will now combine both into a category
Manc,ac of manifolds with corners and a-corners, locally modelled on Rk,ml =
J0,∞)k × [0,∞)l × Rm−k−l, containing Manc,Manac as full subcategories.
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Here are the analogues of Definitions 2.1, 3.2 and 3.3.
Definition 3.18. For 0 6 k, l 6 k + l 6 m, write Rk,ml = J0,∞)
k × [0,∞)l ×
R
m−k−l, with coordinates (x1, . . . , xm) with x1, . . . , xk in J0,∞), xk+1, . . . , xk+l
in [0,∞), and xk+l+1, . . . , xm in R.
Let U ⊆ Rk,ml be open and f : U → R be continuous. The b-derivative of f
(if it exists) is a map b∂f : U → Rm given by (3.1), where now for i = k+1, . . . , l
and xi = 0, by
∂f
∂xi
(x1, . . . , xm) we mean the one-sided derivative at 0 ∈ [0,∞).
(i) We call f r-differentiable if b∂f : U → Rm exists and is continuous.
(ii) We call f r-smooth if b∂lf : U →
⊗l
R
m is r-differentiable for l > 0.
(iii) We call f differentiable if it is r-differentiable and for any compact subset
S ⊆ U and i = 1, . . . , k, there exist C,α > 0 such that (3.2) holds.
(iv) We call f smooth if b∂lf : U →
⊗l
R
m is differentiable for l > 0.
Essentially, f is smooth if it is a-smooth in the x1, . . . , xk variables in the sense
of §3.1, and smooth in the xk+1, . . . , xm variables in the sense of §2.1.
Definition 3.19. Let U ⊆ Rk,ml and V ⊆ R
k′,n
l′ be open, and f = (f1, . . . , fn) :
U → V be a continuous map, so that fj = fj(x1, . . . , xm) maps U → J0,∞)
for j = 1, . . . , k′ and U → [0,∞) for j = k′ + 1, . . . , k′ + l′ and U → R for
j = k′ + l′ + 1, . . . , n. Then we say:
(a) f is r-smooth if fj : U → R is r-smooth in the sense of Definition 3.18
for j = k′ + l′ + 1, . . . , n, and every u = (x1, . . . , xm) ∈ U has an open
neighbourhood U˜ in U such that for each j = 1, . . . , k′, either:
(i) we may uniquely write
fj(x˜1, . . . , x˜m) = Fj(x˜1, . . . , x˜m) · x˜
a1,j
1 · · · x˜
ak+l,j
k+l
for all (x˜1, . . . , x˜m) ∈ U˜ , with Fj : U˜ → (0,∞) r-smooth as in Defi-
nition 3.18, and a1,j, . . . , ak+l,j ∈ [0,∞), with ai,j = 0 if xi 6= 0; or
(ii) fj |U˜ = 0.
and for each j = k′ + 1, . . . , k′ + l′, either:
(iii) we may uniquely write
fj(x˜1, . . . , x˜m) = Fj(x˜1, . . . , x˜m) · x˜
bk+1,j
k+1 · · · x˜
bk+l,j
k+l
for all (x˜1, . . . , x˜m) ∈ U˜ , with Fj : U˜ → (0,∞) r-smooth as in Defi-
nition 3.18, and bk+1,j , . . . , bk+l,j ∈ N, with bi,j = 0 if xi 6= 0; or
(iv) fj |U˜ = 0.
(b) f is smooth if (a) holds, but requiring fj, Fj to be smooth rather than
r-smooth, in the sense of Definition 3.18.
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(c) f is interior if it is smooth, and cases (a)(ii),(iv) do not occur.
(d) f is b-normal if it is interior, and in cases (a)(i),(iii) for each i = 1, . . . , k we
have ai,j > 0 for at most one j = 1, . . . , k
′, and for each i = k+1, . . . , k+ l
we have ai,j > 0 or bi,j > 0 for at most one j = 1, . . . , k
′ + l′.
(e) f is strongly smooth if it is smooth, and in case (a)(i) for each j = 1, . . . , k′
we have ai,j > 0 for at most one i = 1, . . . , k+l, and in case (a)(iii) for each
j = k′ + 1, . . . , k′ + l′ we have bi,j = 1 for at most one i = k + 1, . . . , k + l
and bi,j = 0 otherwise.
(f) f is a diffeomorphism if it is a smooth bijection with smooth inverse.
All the classes (a)–(f) include identities and are closed under composition.
We can now follow Definition 3.6 with obvious changes, to define a category
Manc,ac of manifolds with corners and a-corners. An object of Manc,ac is a
second countable Hausdorff topological space X equipped with a maximal atlas
of charts (Ua, φa) for Ua ⊆ R
k,m
l open and φa : Ua → X a homeomorphism with
an open set φa(Ua) ⊆ X , where m = dimX . The transition functions φ
−1
b ◦ φa
between charts should be diffeomorphisms between open subsets of Rk,ml ,R
k′,m
l′
in the sense of Definition 3.19(f).
Let X,Y be objects in Manc,ac, and f : X → Y a continuous map. We
say that f is r-smooth, or smooth, or interior, or b-normal, or strongly smooth,
if ψ−1b ◦ f ◦ φa is an r-smooth, . . . , strongly smooth map between open subsets
of Rk,ml ,R
k′,n
l′ in the sense of Definition 3.19(a)–(e) for all charts (Ua, φa) on X
and (Ub, φb) on Y . Morphisms in Man
c,ac are defined to be smooth maps.
We write Manc,ac
in
,Manc,acst for the subcategories of Man
c,ac with mor-
phisms interior maps, and strongly a-smooth maps, respectively. As for Mˇanc,
Mˇanac, we define Mˇanc,ac to have objects disjoint unions
∐∞
m=0Xm, where
Xm is a manifold with corners and a-corners of dimension m, and morphisms
smooth maps, and we define subcategories Mˇanc,acin , Mˇan
c,ac
st ⊂ Mˇan
c,ac with
morphisms interior, and strongly smooth, maps.
Manifolds with corners Manc, and manifolds with a-corners Manac, are
both full subcategories of Manc,ac, of objects X covered by charts (Ua, φa)
with Ua ⊆ R
k,m
l open where k = 0 for Man
c and l = 0 for Manac.
The functor FMan
ac
Manc :Man
c →Manac in Definition 3.7 extends to a functor
FMan
ac
Manc,ac :Man
c,ac →Manac, which restricts to FMan
ac
Manc onMan
c ⊂Manc,ac
and to the identity onManac ⊂Manc,ac. It replaces charts (Ua, φa) on X with
Ua ⊆ R
k,m
l open by (Ua, φa) regarded as an a-chart with Ua ⊆ R
k+l,m open.
The functor F
Manc
st
Manac
st
: Manacst → Man
c
st in Definition 3.11 extends to a
functor F
Manc
st
Man
c,ac
st
: Manc,acst →Man
c
st, which restricts to F
Manc
st
Manac
st
on Manacst ⊂
Manc,acst and to the identity on Man
c
st ⊂Man
c,ac
st . It replaces charts (Ua, φa)
on X with Ua ⊆ R
k,m
l open by charts (U˜a, φ˜a) on X with U˜a ⊆ R
m
k+l open,
where only the variables x1, . . . , xk on Ua are modified using ϕ.
Remark 3.20. (a) Much of what we say about Manac in this paper has an
extension to Manc,ac, which is usually fairly obvious, and left to the reader.
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(b) Manifolds with both corners and a-corners will be important in geometric
problems involving boundary conditions of both kinds, as we explain in §6.
(c) By combining Definitions 3.14 and 3.15, we can define real analytic manifolds
with corners and a-corners, in an obvious way.
4 Differential geometry of manifolds with
a-corners
4.1 Boundaries and corners of manifolds with a-corners
This section follows §2.2 for ordinary corners essentially without change. Proofs
of results below either follow those for ordinary corners in [38,41], or are obvious.
Definition 4.1. Let X be a manifold with a-corners, of dimension m. There is
a natural depth stratification X =
∐m
l=0 S
l(X), such that if (U, φ) is an a-chart
on X with U ⊆ Rk,m open and (x1, . . . , xm) ∈ U then φ(x1, . . . , xm) ∈ Sl(X) if
l out of x1, . . . , xk are zero. Then Sl(X) =
⋃m
k=l S
k(X). The interior of X is
X◦ = S0(X). Each Sl(X) is an (m− l)-manifold without boundary.
A local k-corner component γ of X at x is a local choice of connected
component of Sk(X) near x. When k = 1, we call γ a local boundary component.
As sets, define the boundary ∂X and k-corners Ck(X) for k = 0, 1, . . . ,m by
∂X =
{
(x, β) : x ∈ X , β is a local boundary component of X at x
}
,
Ck(X) =
{
(x, γ) : x ∈ X , γ is a local k-corner component of X at x
}
.
Define iX : ∂X → X and Π : Ck(X)→ X by iX : (x, β) 7→ x, Π : (x, γ) 7→ x.
If (U, φ) is an a-chart on X with U ⊆ Rk,m open, then for each i = 1, . . . , k
we can define an a-chart (Ui, φi) on ∂X by
Ui=
{
(x1, . . . , xm−1)∈R
k−1,m−1 : (x1, . . . , xi−1, 0, xi, . . . , xm−1)∈U ⊆ R
k,m
}
,
φi : (x1, . . . , xm−1) 7−→
(
φ(x1, . . . , xi−1, 0, xi, . . . , xm−1), φ∗({xi = 0})
)
.
The set of all such a-charts on ∂X forms an a-atlas, making ∂X into a manifold
with a-corners of dimension m − 1, and iX : ∂X → X into an a-smooth (but
not interior) map. Similarly, we make Ck(X) into an (m − k)-manifold with
a-corners, and Π : Ck(X)→ X into an a-smooth map.
We call X a manifold without boundary if ∂X = ∅, and a manifold with
a-boundary if ∂2X = ∅. We write Man and Manab for the full subcate-
gories of Manac with objects manifolds without boundary, and manifolds with
a-boundary, so that Man ⊂ Manab ⊂ Manac. This definition of Man is
equivalent to the usual definition of the category of manifolds.
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For X ∈Manac and k > 0, as in (2.2)–(2.5) there are natural identifications
∂kX ∼=
{
(x, β1, . . . , βk) : x ∈ X, β1, . . . , βk are distinct
local boundary components for X at x
}
,
(4.1)
Ck(X) ∼=
{
(x, {β1, . . . , βk}) : x ∈ X, β1, . . . , βk are distinct
local boundary components for X at x
}
,
(4.2)
Ck(X) ∼= ∂
kX/Sk, ∂Ck(X) ∼= Ck(∂X), (4.3)
where Sk acts freely and smoothly on ∂
kX by permuting β1, . . . , βk in (4.1).
For products of manifolds with a-corners we have natural a-diffeomorphisms
∂(X × Y ) ∼= (∂X × Y )∐ (X × ∂Y ), (4.4)
Ck(X × Y ) ∼=
∐
i,j>0, i+j=k Ci(X)× Cj(Y ). (4.5)
The analogue of Lemma 2.7 holds for manifolds with a-corners.
Definition 4.2. Define the corners C(X) of a manifold with a-corners X by
C(X) =
∐dimX
k=0 Ck(X)
=
{
(x, γ) : x ∈ X , γ is a local k-corner component of X at x, k > 0
}
,
considered as an object of Mˇanac in Definition 3.6. Define Π : C(X) → X by
Π : (x, γ) 7→ x. This is a-smooth, that is, a morphism in Mˇanac.
Let f : X → Y be a morphism in Manac, and suppose γ is a local k-corner
component of X at x ∈ X . Then there is a unique local l-corner component
f∗(γ) of Y at f(x) for some l > 0, such that if V, V˜ are sufficiently small
open neighbourhoods of x, f(x) in X,Y , so that γ, f∗(γ) determine connected
components W, W˜ of V ∩ Sk(X) and V˜ ∩ Sl(Y ), then f(W ) ∩ W˜ 6= ∅.
Define a map C(f) : C(X) → C(Y ) by C(f) : (x, γ) 7→ (f(x), f∗(γ)). Then
C(f) is an interior morphism in Mˇanac, and C : Manac → Mˇanacin ⊂ Mˇan
ac
is a functor, which we call the corner functor.
Equations (4.3) and (4.5) imply that if X,Y are manifolds with a-corners,
we have natural isomorphisms
∂C(X) ∼= C(∂X), (4.6)
C(X × Y ) ∼= C(X)× C(Y ). (4.7)
The corner functor C preserves products and direct products. That is, if f :
W → Y, g : X → Y, h : X → Z are a-smooth then the following commute:
C(W ×X)
∼=

C(f×h)
// C(Y × Z)
∼=

C(W )×C(X)
C(f)×C(h)
// C(Y )×C(Z),
C(Y × Z)
∼=

C(X)
C((g,h)) 22❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞
(C(g),C(h)) ,,❩❩❩
❩❩❩❩❩❩❩
❩❩❩❩
C(Y )×C(Z),
28
where the columns are the isomorphisms (4.7).
The functor FMan
ac
Manc :Man
c →Manac in Definition 3.7 preserves the depth
stratification, and local boundary and corner components. ForX ∈Manc there
are canonical a-diffeomorphisms
∂FMan
ac
Manc (X)
∼= FMan
ac
Manc (∂X), Ck
(
FMan
ac
Manc (X)
)
∼= FMan
ac
Manc
(
Ck(X)
)
.
The following diagram of functors commutes:
Manc
FMan
ac
Manc
//
C
Manac
C 
Mˇanc
F Mˇan
ac
Mˇanc // Mˇanac.
The same holds for the functor F
Manc
st
Manac
st
:Manacst →Man
c
st of §3.3.
Remark 4.3. The material of this section extends to the categoryManc,ac of
§3.5. Manifolds with corners and a-corners X have natural depth stratifications
X =
∐dimX
l=0 S
l(X), defined in the obvious way. We follow Definitions 4.1–4.2
essentially without change to define ∂X,Ck(X), C(X) and the corner functor
C :Manc,ac → Mˇanc,ac.
For Manc,ac, the boundary ∂X splits as ∂X = ∂cX ∐ ∂acX , where ∂cX is
the ‘ordinary boundary’ and ∂acX the ‘a-boundary’ of X . Similarly Ck(X) has
a natural decomposition Ck(X) =
∐
i+j=k Ci,j(X), where Ci,j(X) is locally the
intersection of i ordinary boundaries and j a-boundaries, so that locally X ≃
Ci,j(X) × [0,∞)i × J0,∞)j . We can also define functors Cc, Cac : Manc,ac →
Mˇanc,ac with Cc(X) =
∐
i>0 Ci,0(X) and C
ac(X) =
∐
j>0 C0,j(X), so that C
c
takes only ordinary corners, and Cac only a-corners.
4.2 B-(co)tangent bundles of manifolds with a-corners
As in §2.3, for manifolds with ordinary corners X , we can define the tangent
bundle TX , and the b-tangent bundle bTX . We explain in Remark 4.7(a) that
tangent bundles TX do not make sense for manifolds with a-corners. But we
will now define b-tangent bundles bTX for manifolds with a-corners.
Definition 4.4. Let X be a manifold with a-corners. A vector bundle E → X
of rank k is a manifold with a-corners E and an a-smooth map π : E → X ,
such that each fibre Ex := π
−1(x) for x ∈ X is given the structure of a real
vector space, and X may be covered by open U ⊆ X with a-diffeomorphisms
π−1(U) ∼= U × Rk identifying π|π−1(U) : π
−1(U) → U with the projection
U×Rk → Rk, and the vector space structure on Ex with that on {x}×R
k ∼= Rk,
for each x ∈ U . A section of E is an a-smooth map s : X → E with π ◦s = idX .
We write Γ∞(E) for the vector space of a-smooth sections of E, and C∞(X)
for the R-algebra of a-smooth functions X → R. Then Γ∞(E) is a C∞(X)-
module. Morphisms of vector bundles, dual vector bundles, direct sums, tensor
products and exterior products of vector bundles, and so on, all work as usual.
We can also define r-smooth sections of E, that is, an r-smooth map s : X →
E with π ◦ s = idX . Note that r-smooth sections need not be a-smooth.
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Definition 4.5. Let X be an m-manifold with a-corners. The b-tangent bundle
π : bTX → X is a natural rank m vector bundle on X . We may describe bTX
in local coordinates as follows.
If (U, φ) is an a-chart on X , with U ⊆ Rk,m open, and (x1, . . . , xm) are the
coordinates on U , then over φ(U), bTX is the trivial vector bundle with basis
of sections x1
∂
∂x1
, . . . , xk
∂
∂xk
, ∂∂xk+1 , . . . ,
∂
∂xm
. We have a corresponding a-chart
(bTU, bTφ) on bTX , where bTU = U × Rm ⊆ Rk,2m, such that (x1, . . . , xm, q1,
. . . , qm) in
bTU represents the vector
q1x1
∂
∂x1
+ · · ·+ qkxk
∂
∂xk
+ qk+1
∂
∂xk+1
+ · · ·+ qm
∂
∂xm
over φ(x1, . . . , xm) in X .
Let (U˜ , φ˜) be another a-chart on X , with U˜ ⊆ Rl,m open, and (x˜1, . . . , x˜m)
be the coordinates on U˜ . There is a change of coordinates (x1, . . . , xm)  
(x˜1, . . . , x˜m) from U˙ = φ
−1(φ˜(U˜)) ⊆ U ⊆ Rk,m to U¨ = φ˜−1(φ(U)) ⊆ U˜ ⊆ Rl,m.
That is, we may regard (x˜1, . . . , x˜m) : U˙ → U¨ as an a-diffeomorphism, with
x˜j = x˜j(x1, . . . , xm), where x˜j : U˙ → J0,∞) is a-smooth for j = 1, . . . , l, and
x˜j : U˙ → R is a-smooth for j = l+ 1, . . . ,m.
We have another a-chart (bT U˜, bT φ˜) on bTX corresponding to (U˜ , φ˜), with
coordinates (x˜1, . . . , x˜m, q˜1, . . . , q˜m). Thus there should be a change of coordi-
nates (x1, . . . , xm, q1, . . . , qm)  (x˜1, . . . , x˜m, q˜1, . . . , q˜m) from U˙ × R
m ⊆ bTU
to U¨ × Rm ⊆ bT U˜ . We define this to be:
q˜j =
{∑k
i=1 x˜
−1
j xi
∂x˜j
∂xi
qi +
∑m
i=k+1 x˜
−1
j
∂x˜j
∂xi
qi, j 6 l,∑k
i=1 xi
∂x˜j
∂xi
qi +
∑m
i=k+1
∂x˜j
∂xi
qi, j > l.
(4.8)
This comes from ∂∂xi =
∑m
j=1
∂x˜j
∂xi
· ∂∂x˜j , applied to the bases x1
∂
∂x1
, . . . , xk
∂
∂xk
,
∂
∂xk+1
, . . . , ∂∂xm for
bTU and x˜1
∂
∂x˜1
, . . . , x˜l
∂
∂x˜l
, ∂∂x˜l+1 , . . . ,
∂
∂x˜m
for bT U˜ .
The important thing about (4.8) is that the functions appearing in it are all
a-smooth, as we will show. Let j = 1, . . . , l. Then x˜j : U˙ → J0,∞) is a-smooth
and interior, so by Definition 3.3(b)(i), locally in U˙ we may write
x˜j(x1, . . . , xm) = Fj(x1, . . . , xm) · x
a1,j
1 · · ·x
ak,j
k , (4.9)
where ai,j ∈ [0,∞) and Fj : U˙ → (0,∞) is a-smooth. From (4.9) we see that
x˜−1j xi
∂x˜j
∂xi
=
[
F−1j
]
·
[
xi
∂Fj
∂xi
]
+ ai,j , i = 1, . . . , k,
x˜−1j
∂x˜j
∂xi
=
[
F−1j
]
·
[∂Fj
∂xi
]
, i = k + 1, . . . ,m.
(4.10)
Each term [· · · ] in (4.10) is an a-smooth map to R, by Definition 3.2. Thus
the top line of (4.8) is an a-smooth function of (x1, . . . , xm, q1, . . . , qm). The
bottom line is clearly a-smooth. Hence the change of coordinates (x1, . . . , xm,
q1, . . . , qm) (x˜1, . . . , x˜m, q˜1, . . . , q˜m) is a-smooth, with a-smooth inverse.
These coordinate changes between charts on bTX compose correctly under
composition of coordinate changes on X . Thus they define a manifold with
30
a-corners structure on bTX , with a-smooth projection π : bTX → X acting
in coordinates by (x1, . . . , xm, q1, . . . , qm) 7→ (x1, . . . , xm), making bTX into a
rank m vector bundle over X . Elements of Γ∞(bTX) are called b-vector fields.
There is a natural bilinear map b[ , ] : Γ∞(bTX) × Γ∞(bTX) → Γ∞(bTX)
called the b-Lie bracket. If u, v ∈ Γ∞(bTX) and w = b[u, v], and (x1, . . . , xm) ∈
R
k,m are local coordinates on φ(U) ⊆ X as above, and on φ(U) we have
u|φ(U) = u1x1
∂
∂x1
+ · · ·+ ukxk
∂
∂xk
+ uk+1
∂
∂xk+1
+ · · ·+ um
∂
∂xm
,
v|φ(U) = v1x1
∂
∂x1
+ · · ·+ vkxk
∂
∂xk
+ vk+1
∂
∂xk+1
+ · · ·+ vm
∂
∂xm
,
w|φ(U) = w1x1
∂
∂x1
+ · · ·+ wkxk
∂
∂xk
+ wk+1
∂
∂xk+1
+ · · ·+ wm
∂
∂xm
,
for ui, vi, wi : φ(U)→ R a-smooth, then w1, . . . , wm are given by
wi =
∑k
j=1
(
ujxj
∂vi
∂xj
− vjxj
∂ui
∂xj
)
+
∑m
j=k+1
(
uj
∂vi
∂xj
− vj
∂ui
∂xj
)
.
The b-Lie bracket has the usual properties of Lie brackets on manifolds, in
particular b[u, v] = b[−v, u] and b[u, b[v, w]]+ b[v, b[w, u]]+ b[w, b[u, v]] = 0 for all
u, v, w ∈ Γ∞(bTX). If X ∈Man ⊂Manac then bTX = TX and b[ , ] = [ , ].
The b-cotangent bundle bT ∗X is the dual vector bundle of bTX . If (U, φ) is
a chart on X , with U ⊆ Rk,m open, and (x1, . . . , xm) are the coordinates on U ,
then bT ∗X has basis of sections x−11 dx1, . . . , x
−1
k dxk, dxk+1, . . . , dxm over φ(U).
B-tangent bundles are functorial under interior maps:
Definition 4.6. Suppose f : X → Y is an interior map of manifolds with
a-corners. Then there is a natural interior map bTf : bTX → bTY . To de-
fine bTf , let (U, φ) and (V, ψ) be a-charts on X,Y with U ⊆ Rk,m, V ⊆ Rl,n,
with coordinates (x1, . . . , xm) ∈ U and (y1, . . . , yn) ∈ V , and let (bTU, bTφ),
(bTV, bTψ) be the corresponding a-charts on bTX, bTY , with coordinates (x1,
. . . , xm, q1, . . . , qm) ∈ bTU and (y1, . . . , yn, r1, . . . , rn) ∈ bTV . Then (3.6) de-
fines ψ−1 ◦ f ◦ φ : U˙ → V , where U˙ = (f ◦ φ)−1(ψ(V )) ⊆ U is open.
Write ψ−1 ◦ f ◦ φ = (f1, . . . , fn), for fj = fj(x1, . . . , xm). Then the corre-
sponding bTψ−1 ◦ bTf ◦ bTφ maps
bTψ−1◦bTf ◦bTφ : (x1, . . . , xm, q1, . . . , qm) 7−→(y1, . . . , yn, r1, . . . , rn),
where yj = fj(x1, . . . , xm), j = 1 . . . , n,
and rj =
{∑k
i=1 f
−1
j xi
∂fj
∂xi
qi +
∑m
i=k+1 f
−1
j
∂fj
∂xi
qi, j 6 l,∑k
i=1 xi
∂fj
∂xi
qi +
∑m
i=k+1
∂fj
∂xi
qi, j > l.
(4.11)
As for (4.8)–(4.10), we claim that the functions f−1j xi
∂fj
∂xi
for i 6 k, j 6 l
and f−1j
∂fj
∂xi
for i > k, j 6 l occurring in (4.11) extend uniquely to a-smooth
functions of (x1, . . . , xm) in U˙ where fj = 0. To see this, note that as f is
interior, by Definition 3.3(b)(i) for j = 1, . . . , l, locally in U˙ we may write
fj(x1, . . . , xm) = Fj(x1, . . . , xm) · x
a1,j
1 · · ·x
ak,j
k , (4.12)
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where ai,j ∈ [0,∞) and Fj : U˙ → (0,∞) is a-smooth. From (4.12) we see that
f−1j xi
∂fj
∂xi
=
[
F−1j
]
·
[
xi
∂Fj
∂xi
]
+ ai,j , i = 1, . . . , k,
f−1j
∂fj
∂xi
=
[
F−1j
]
·
[∂Fj
∂xi
]
, i = k + 1, . . . ,m.
(4.13)
Each term [· · · ] in (4.13) is an a-smooth map to R, by Definition 3.2. Thus
the third line of (4.11) is an a-smooth function of (x1, . . . , xm, q1, . . . , qm). The
fourth line is clearly a-smooth. Hence (4.11) defines an interior map
bTψ−1 ◦ bTf ◦ bTφ : bT U˙ −→ bTV.
These maps are compatible with changes of a-charts (U, φ) on X , and (V, ψ) on
Y . Thus they define a global interior map bTf : bTX → bTY , which fits into a
commutative diagram:
bTX
π

bTf
// bTY
π

X
f // Y.
We can also regard bTf as a vector bundle morphism bdf : bTX → f∗(bTY ) on
X , which has dual morphism bdf : f∗(bT ∗Y )→ bT ∗X .
If g : Y → Z is another interior map of manifolds with a-corners, it is easy to
check from (4.11) that bT (g◦f) = bTg◦bTf : bTX → bTZ. Thus the assignment
X 7→ bTX , f 7→ bTf is a functor, the b-tangent functor bT :Manacin →Man
ac
in .
It extends to bT : Mˇanacin → Mˇan
ac
in in the obvious way.
Note that if f : X → Y is a morphism in Manac then C(f) : C(X)→ C(Y )
is interior in Mˇanac, so bTC(f) : bTC(X) → bTC(Y ) is well defined, and we
can use this as a substitute for bTf : bTX → bTY when f is not interior.
Remark 4.7. (a) We cannot define ordinary tangent bundles TX for mani-
folds with a-corners. This is because if (U, φ), (U˜ , φ˜) are a-charts on X with
U ⊆ Rk,m open, U˜ ⊆ Rl,m open, and we tried to define a-charts (TU, Tφ)
with coordinates (x1, . . . , xm, q1, . . . , qm) on TX and (T U˜, T φ˜) on TX with co-
ordinates (x˜1, . . . , x˜m, q˜1, . . . , q˜m), then in the analogue of (4.8), the change of
coordinates (x1, . . . , xm, q1, . . . , qm) (x˜1, . . . , x˜m, q˜1, . . . , q˜m) should be
q˜j =
∑m
i=1
∂x˜j
∂xi
qi.
But when i = 1, . . . , k, the function
∂x˜j
∂xi
need not be a-smooth at xi = 0, so this
change of coordinates is not a-smooth, and does not define an a-atlas on TX .
(b) The reason that we only define bTf : bTX → bTY for interior f is that if f
were not interior, we could have fj(x1, . . . , xm) = 0 instead of (4.12), and then
the terms f−1j xi
∂fj
∂xi
, f−1j
∂fj
∂xi
in (4.11) do not make sense.
(c) The definitions of r-smooth and a-smooth functions in §2.1 were designed
so that b-(co)tangent bundles, and b-derivatives below, would be well-behaved.
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Here is the analogue of Definition 2.12:
Definition 4.8. Let f : X → Y be an interior map of manifolds with a-corners.
We call f a b-submersion if bdf : bTX → f∗(bTY ) is a surjective morphism of
vector bundles on X . We call f a b-fibration if f is b-normal, in the sense of
Definitions 3.3(d) and 3.6, and a b-submersion.
B-fibrations f : X → Y are important as they are a good notion of ‘family
of manifolds with a-corners Xy over a base Y ’. We will discuss them further in
§5.4 and §6.2. We can give examples of b-fibrations as in Example 2.13.
Here is the analogue of Definition 2.14:
Definition 4.9. Let X be a manifold with a-corners. As in (2.11), there is an
exact sequence
0 // bN∂X
biT // i∗X(
bTX)
bπT // bT (∂X) // 0 (4.14)
of vector bundles on ∂X , where bN∂X is a line bundle on ∂X , defined as a
vector subbundle of i∗X(
bTX), which we call the b-normal bundle of ∂X in X ,
and biT :
bN∂X →֒ i∗X(
bTX) is the inclusion.
We define bN∂X and
bπT in (4.14) as follows: if (U, φ) is an a-chart on X ,
with U ⊆ Rk,m open for k > 1, and (x1, . . . , xm) are the coordinates on U , and
(x, β) ∈ ∂X with x = φ(x˜1, . . . , x˜m) with x˜1 = 0, and β is the local boundary
component x1 = 0 of X at x, then
bN∂X |(x,β) = 〈x1
∂
∂x1
〉R, and bπT maps
bπT :
(
(x, β),
∑m
i=1 ci · xi
∂
∂xi
)
7−→
(
(x, β),
∑m
i=2 ci · xi
∂
∂xi
)
,
for ci ∈ R, using (x2, . . . , xm) ∈ R
k−1,m−1 as the local coordinates on ∂X near x.
The b-normal bundle bN∂X has a natural orientation. We say that a section
λ ∈ Γ∞(bN∂X) is positive, written λ > 0, if in local coordinates (x2, . . . , xm)
on ∂X as above we have λ = c(x2, . . . , xm) · x1
∂
∂x1
for a local smooth function
c : ∂X → R with c > 0. Similarly we define when λ is negative, nonnegative,
and nonpositive, written λ < 0, λ > 0, λ 6 0 respectively, in the obvious way.
Remark 4.10. (a) For manifolds with corners X in Definition 2.14, we de-
fined bN∂X to be the trivial line bundle ∂X × R → ∂X . But for manifolds
with a-corners, bN∂X is not canonically trivial, although it is non-canonically
isomorphic to the trivial line bundle. To see this, note that if X, (U, φ) are as in
Definition 4.9, and α > 0, then we can define another a-chart (Uˆ , φˆ) on X with
Uˆ =
{
(x
1/α
1 , x2, . . . , xm) : (x1, . . . , xm) ∈ U
}
⊆ Rk,m,
φˆ(xˆ1, . . . , xˆm) = φ(xˆ
α
1 , xˆ2, . . . , xˆm).
Then the a-charts (U, φ), (Uˆ , φˆ) give the bases x1
∂
∂x1
and xˆ1
∂
∂xˆ1
over φ(U) =
φˆ(Uˆ), where xˆ1
∂
∂xˆ1
= α · x1
∂
∂x1
as x1 = xˆ
α
1 . Hence if α 6= 1 then (U, φ), (Uˆ , φˆ)
give different trivializations of bN∂X , and there is no canonical trivialization.
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(b) The material of this section extends to Manc,ac in §3.5. For a mani-
fold X with corners and a-corners, we can define two natural tangent bun-
dles: the b-tangent bundle bTX , and the mixed tangent bundle mTX . Here if
X ∈Manc ⊂Manc,ac then bTX is as in §2.3 and mTX = TX from §2.3, and
if X ∈ Manac ⊂ Manc,ac then bTX,mTX are both bTX above. If (U, φ) is
a chart on X , with U ⊆ Rk,ml open, and (x1, . . . , xm) are the coordinates on
U , then over φ(U), bTX has basis x1
∂
∂x1
, . . . , xk+l
∂
∂xk+l
, ∂∂xk+l+1 , . . . ,
∂
∂xm
, and
mTX has basis x1
∂
∂x1
, . . . , xk
∂
∂xk
, ∂∂xk+1 , . . . ,
∂
∂xm
. Here bTX is functorial over
interior maps in Manc,ac, and mTX is functorial over smooth maps which are
interior in the a-corner variables. We generally prefer to use mTX,mT ∗X .
4.3 The b-derivative, and b-de Rham cohomology
Next we generalize exterior forms, the de Rham differential, and de Rham co-
homology to manifolds with a-corners.
Definition 4.11. Let X be a manifold with a-corners, of dimension m. We
will define the b-de Rham differential bd : C∞(X) → Γ∞(bT ∗X), an R-linear
map. Let (U, φ) be an a-chart on X , with U ⊆ Rk,m open, and (x1, . . . , xm)
be the coordinates on U . Then as for bTX in Definition 4.5, we have an a-
chart (bT ∗U, bT ∗φ) on bT ∗X , where bT ∗U = U × Rm ⊆ Rk,2m, such that
(x1, . . . , xm, q1, . . . , qm) in
bTU represents the b-covector
q1(x
−1
1 dx1) + · · ·+ qk(x
−1
k dxk) + qk+1dxk+1 + · · ·+ qmdxm (4.15)
in bT ∗φ(x1,...,xm)X . Here x
−1
1 dx1, . . . , x
−1
k dxk, dxk+1, . . . , dxm are just notation
for the basis of sections of bT ∗X over φ(U) dual to the basis of sections x1
∂
∂x1
,
. . . , xk
∂
∂xk
, ∂∂xk+1 , . . . ,
∂
∂xm
for bTX over φ(U) (which are also just notation). In
particular, x−1i dxi are well defined for i = 1, . . . , k even when xi = 0.
Then bd : C∞(X)→ Γ∞(bT ∗X) for c ∈ C∞(X) acts in local coordinates by
bd : c 7−→
(
x1
∂c
∂x1
)
·
(
x−11 dx1
)
+ · · ·+
(
xk
∂c
∂xk
)
·
(
x−1k dxk
)
+
(
∂c
∂xk+1
)
·
(
dxk+1
)
+ · · ·+
(
∂c
∂xm
)
·
(
dxm
)
.
That is, in local coordinates (x1, . . . , xm) on X and (x1, . . . , xm, q1, . . . , qm)
representing the b-covector (4.15) in bT ∗X as above, bdc : X → bT ∗X acts by
bdc : (x1, . . . , xm) 7−→
(
x1, . . . , xm, x1
∂c
∂x1
, . . . , xk
∂c
∂xk
, ∂c∂xk+1 , . . . ,
∂c
∂xm
)
. (4.16)
These bdc in (4.16) are a-smooth by §3.1, and are compatible with changes of
a-charts (U, φ) on X and (bT ∗U, bT ∗φ) on bT ∗X . Thus they define a global a-
smooth map bdc : X → bT ∗X , with π◦bdc = idX : X → X , so
bdc ∈ Γ∞(bT ∗X).
The interior X◦ is an ordinary manifold, with bT ∗X |X◦ = T ∗X◦, and bd
restricts to the usual de Rham differential d : C∞(X◦)→ C∞(T ∗X◦) on X◦.
From (4.16) we see that bd satisfies
bd(c1c2) = c1 ·
bdc2 + c2 ·
bdc1
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for all c1, c2 ∈ C∞(X), that is, bd is a derivation on the R-algebra C∞(X).
As for exterior derivatives on manifolds, we can generalize bd to unique R-
linear maps bd : C∞(Λl(bT ∗X))→ Γ∞(Λl+1(bT ∗X)) for l > 0 called b-exterior
derivatives, given by (4.16) when l = 0, such that bd ◦ bd = 0 and bd(α ∧ β) =
(bdα)∧β+(−1)kα∧ (bdβ) for all α ∈ C∞(Λk(bT ∗X)) and β ∈ C∞(Λl(bT ∗X)).
As for ordinary de Rham cohomology, as in Bredon [2, §V], define the b-de
Rham cohomology groups of X for l = 0, 1, . . . to be
bH ldR(X ;R) =
Ker
(
bd : C∞(Λl(bT ∗X))→ Γ∞(Λl+1(bT ∗X))
)
ℑ
(
bd : C∞(Λl−1(bT ∗X))→ Γ∞(Λl(bT ∗X))
) .
If X ∈ Man ⊂ Manac then bH ldR(X ;R) = H
l
dR(X ;R) is ordinary de Rham
cohomology, and so isomorphic to the (topological) cohomology of X over R.
Example 4.12. LetX = J0, 1K. There is an isomorphism C∞(X) ∼= Γ∞(bT ∗X)
identifying c′ ∈ C∞(X) with c′ ·x−1(1−x)−1dx, with x the coordinate on J0, 1K.
Using this we see that
bH0dR(X ;R) =
{
c ∈ C∞(X) : x(1 − x) ∂c∂x = 0
}
= 〈1〉R ∼= R,
bH1dR(X ;R)
∼=
C∞(X){
x(1 − x) ∂c∂x : c ∈ C
∞(X)
} . (4.17)
Let c′ ∈ C∞(X). If c′ = x(1 − x) ∂c∂x for some c ∈ C
∞(X) then c′(0) =
c′(1) = 0. Conversely, suppose c′(0) = c′(1) = 0, and define c : J0, 1K → R by
c(x) =
∫ x
1/2
t−1(1− t)−1c′(t) dt. (4.18)
Since c′ is a-smooth with c′(0) = c′(1) = 0, from §3.1 there exist C,α > 0
and ǫ ∈ [0, 1) such that |c′(t)| 6 Ctα for t ∈ [0, ǫ) and |c′(t)| 6 C(1 − t)α for
t ∈ (1 − ǫ, 1]. It follows that c in (4.18) is well defined, including at x = 0, 1,
with c(x) − c(0) = O(xα) as x → 0 and c(x) − c(1) = O((1 − x)α) as x → 1.
Also x(1− x) ∂c∂x = c
′, which is a-smooth, so c ∈ C∞(X). Therefore (4.17) gives
bH0dR(J0, 1K;R)
∼= R and bH1dR(J0, 1K;R)
∼= R2,
where the second equation identifies
[
c′ ·x−1(1−x)−1dx
]
with (c′(0), c′(1)) ∈ R2.
Remark 4.13. (a) In §3.1–§3.2 we chose to define manifolds with a-corners us-
ing a-smooth functions, including the O(xα) decay condition (3.2) near bound-
ary hypersurfaces x = 0, rather than the weaker r-smooth functions.
If we had used r-smooth functions, then c : J0, 1K → R in (4.18) need not be
defined at x = 0, 1, and in fact bH1dR(J0, 1K;R) would be infinite-dimensional.
A-smoothness is essential for b-de Rham cohomology to be well behaved.
(b) Consider b-de Rham cohomology from the point of view of sheaf theory, as
in Bredon [3]. Let X be a manifold with a-corners, and write bΩk for the sheaf
of a-smooth sections of Λk(bT ∗X) for k = 0, 1, . . . , and bd : bΩk → bΩk+1 for
the sheaf morphism induced by b-exterior derivatives.
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Then bΩk is a soft sheaf of R-vector spaces on X , since partitions of unity
exist in C∞(X), and bΩ• = (bΩ∗, bd) is a complex of soft sheaves on X , regarded
as an object of the derived category D ShR(X) of sheaves of R-vector spaces on
X . The hypercohomology Hl(bΩ•) is isomorphic to bH ldR(X ;R), as
bΩk is soft.
In the analogue for ordinary manifolds X we would have Ω• ≃ RX in
D ShR(X), where RX is the constant sheaf on X with fibre R, so that
H ldR(X ;R)
∼= Hl(Ω•) ∼= Hl(RX) ∼= H
l(X ;R),
that is, de Rham cohomology is isomorphic to ordinary cohomology.
In the b-de Rham case we will not have bΩ• ≃ RX . However, we should be
able to describe the cohomology sheaves hk(bΩ•) explicitly. The author expects
that h0(bΩ•) ∼= RX , and hk(bΩ•) for k > 0 is supported on Sk(X) ⊂ X , and is
the pushforward Π∗(SCk(X)) along Π : Ck(X) → X of a locally constant sheaf
SCk(X) on Ck(X) with fibre R (that is, a flat line bundle on Ck(X)). When
k = 1, this is the dual line bundle bN∗∂X in §4.2, with flat connection from §4.4.
There should be a spectral sequence
(
Hj(Ck(X),SCk(X))
)
j,k
=⇒ bHj+kdR (X ;R)
computing b-de Rham cohomology.
(c) Part (b) would imply that bH∗(X ;R) is finite-dimensional if X is compact,
or if X is noncompact but ‘topologically finite’ in a suitable sense (e.g. X should
not have infinitely many noncompact ends).
(d) In the case when X is a manifold with a-boundary, the prediction in (b)
yields a long exact sequence
· · · // H l(X ;R) // bH ldR(X ;R)
// H l−1(∂X, bN∗∂X)
// H l+1(X ;R) // · · · ,
for H∗(∂X, bN∗∂X) the cohomology of ∂X twisted by the flat line bundle
bN∗∂X .
(e) Let X = (J0,∞)× R)/Z depending on α > 0 be as in Example 3.9. Then
H l(X ;R) =
{
R, l = 0, 1,
0, otherwise,
H l(∂X, bN∗∂X) =
{
R, l = 0, 1 and α = 1,
0, otherwise.
Thus (d) predicts that if α = 1 then bH ldR(X ;R) is R if l = 0, 2, and R
2 if
l = 1, and 0 otherwise; but if α 6= 1 then bH ldR(X ;R) is R if l = 0, 1, and 0
otherwise. If this prediction is confirmed, it shows that bH∗dR(X ;R) depends on
the a-smooth structure of X , and not just on the (stratified) topological space.
4.4 B-connections on vector bundles
Let X be a manifold, and E → X a vector bundle. One way to define a
connection ∇ on E is an R-linear map ∇ : Γ∞(E)→ Γ∞(E ⊗ T ∗X) satisfying
∇(c · e) = c · ∇e + e⊗ dc for all c ∈ C∞(X) and e ∈ Γ∞(E).
Here is the analogue for manifolds with a-corners.
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Definition 4.14. Let X be a manifold with a-corners, and E → X a vector
bundle. A b-connection on E is an R-linear map b∇ : Γ∞(E)→ Γ∞(E⊗ bT ∗X)
satisfying, for bdc as in §4.3,
b∇(c · e) = c · b∇e+ e⊗ bdc for all c ∈ C∞(X) and e ∈ Γ∞(E).
If v ∈ Γ∞(bTX) is a b-vector field, and e ∈ Γ∞(E), we write b∇ve ∈ Γ∞(E)
for v · b∇e, where v ⊗ b∇e is a section of (bTX)⊗ (E ⊗ bT ∗X), and ‘·’ applies
the dual pairing between bTX, bT ∗X to map bTX ⊗ E ⊗ bT ∗X → E.
As for connections in ordinary differential geometry, a b-connection b∇ has
a natural b-curvature Rb∇ ∈ Γ
∞
(
End(E) ⊗ Λ2(bT ∗X)
)
, characterized by the
property that if v, w ∈ Γ∞(bTX) and e ∈ Γ∞(E) then
b∇v(
b∇we)−
b∇w(
b∇ve)−
b∇b[v,w]e = Rb∇ · (e⊗ (v ∧ w)),
where b[v, w] is the b-Lie bracket from §4.2. We call b∇ flat if Rb∇ = 0.
On the interior X◦, which is an ordinary manifold, b∇ is an ordinary con-
nection on E|X◦ , and Rb∇ is the usual curvature.
Many of the usual properties of connections extend to b-connections. For
example, b-connections b∇E , b∇F on vector bundles E,F → X induce natural
b-connections on all the associated vector bundles E∗, E ⊕ F,E ⊗ F,ΛkE, . . . .
Example 4.15. (a) Let Rk be the trivial vector bundle X × Rk → X over a
manifold with a-corners X . Then Rk has a natural, flat b-connection b∇0 given
by b∇0(e1, . . . , ek) = (bde1, . . . , bdek), for e1, . . . , ek ∈ C∞(X).
If b∇ is a b-connection on E → X , we call (E, b∇) locally trivial if we can
cover X by open subsets on which (E, b∇) ∼= (Rk, b∇0), for k = rankE.
(b) Let X = J0,∞), with coordinate x, and E be the trivial line bundle X ×
R → X . Define a b-connection b∇ on E by b∇e = bde + e ⊗ (x−1dx) for
e ∈ Γ∞(E) = C∞(X). Then b∇ is trivially flat, as Λ2(bT ∗X) = 0. However,
near 0 ∈ X there exists no nonzero section e ∈ Γ∞(E) with b∇e = 0, as solving
the o.d.e. locally gives e(x) = cx−1 for x > 0 and c ∈ R, which does not extend
to x = 0. So E is not locally trivial near 0 ∈ X .
In conventional differential geometry, by the Frobenius Theorem a vector
bundle with connection (E,∇) is flat if and only if it is locally trivial. But
(a),(b) show that locally trivial b-connections are flat, but flat b-connections
need not be locally trivial. That is, the Frobenius Theorem fails for b-connections.
Definition 4.16. Let X be a manifold with a-corners. Then Definition 4.9
defined a line bundle bN∂X on ∂X . We will define a natural flat b-connection
b∇∂X on bN∂X , which is locally trivial. Suppose (U, φ) is an a-chart on X , with
U ⊆ Rk,m open for k > 1, and (x1, . . . , xm) are the coordinates on U . Then we
have an a-chart (U ′, φ′) on ∂X with
U ′ =
{
(x2, . . . , xm) ∈ R
k−1,m−1 : (0, x2, . . . , xm) ∈ U ⊆ R
m
k
}
,
φ′(x2, . . . , xm) =
(
φ(0, x2, . . . , xm), φ∗({x1 = 0})
)
,
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and over φ′(U ′) we have bN∂X = 〈x1
∂
∂x1
〉R. We require that b∇∂X(x1
∂
∂x1
) = 0
over φ′(U ′), for all such (U, φ).
To see that this is well defined, we have to show that if (U˜ , φ˜) is an a-chart
on X , with U˜ ⊆ Rl,m open for l > 1, and (x˜1, . . . , x˜m) are the coordinates on
U˜ , and (U˜ ′, φ˜′) is the corresponding a-chart on ∂X , then b∇∂X(x1
∂
∂x1
) = 0 and
b∇∂X(x˜1
∂
∂x˜1
) = 0 induce the same connection on bN∂X over φ
′(U ′) ∩ φ˜′(U˜ ′).
Over φ(U)∩ φ˜(U˜) we have a change of coordinates (x1, . . . , xm) (x˜1, . . . , x˜m).
Using Definition 3.3(b)(i), locally near φ′(U ′) ∩ φ˜′(U˜ ′) we have
x˜1 = F1(x1, . . . , xm) · x
a1,1
1 ,
for a1,1 ∈ (0,∞) and F1(x1, . . . , xm) : U → (0,∞) a-smooth. Here Definition
3.3(b)(i) also includes factors x
a2,1
2 · · ·x
ak,1
k , but we must have a2,1 = · · · =
ak,1 = 0 in this case.
It then follows as in Remark 4.10(a) that x˜1
∂
∂x˜1
= a−11,1 · x1
∂
∂x1
locally near
φ′(U ′) ∩ φ˜′(U˜ ′) in ∂X . Thus b∇∂X(x1
∂
∂x1
) = 0 and b∇∂X(x˜1
∂
∂x˜1
) = 0 induce
the same connection on bN∂X , and
b∇∂X is well defined. It is clearly locally
trivial, as it is trivial over each φ′(U ′), and so is flat.
We call the manifold with a-corners untwisted if (bN∂X ,
b∇∂X) is globally
isomorphic to the trivial flat line bundle (R, b∇0) on ∂X , and twisted otherwise.
Example 4.17. (a) Let W be a manifold with corners, and W˜ = FMan
ac
Manc (W ),
for FMan
ac
Manc as in Definition 3.7. Now the normal line bundle
bN∂W in Definition
2.14 is canonically trivial. But FMan
ac
Manc takes
bN∂W to
bN∂W˜ , so
bN∂W˜ is canon-
ically trivial, and this trivialization is compatible with the flat connection on
bN∂W˜ from Definition 4.16. Hence the manifold with a-corners W˜ is untwisted.
One can in fact show that a manifold with a-corners W ′ is untwisted if and
only if W ′ ∼= FMan
ac
Manc (W ) for some manifold with corners W .
(b) Let X = (J0,∞) × R)/Z depending on α > 0 be as in Example 3.9, where
(x, y) are the coordinates on J0,∞)×R and Z acts by n : (x, y) 7→ (xα
n
, y+n).
Then ∂X ∼= R/Z is a circle, where y is the coordinate on R and Z acts by
n : y 7→ y + n. We may write bN∂X → ∂X as (R × R)/Z → R/Z, where (y, z)
are the coordinates on R2, and represent z · x ∂∂x over (0, y) in J0,∞)× R.
Since x 7→ xα
n
maps x ∂∂x 7→ α
−n · x ∂∂x , we see that Z acts on R
2 as n :
(y, z) 7→ (y + n, αn · z). The connection b∇∂X on
bN∂X has z = constant as its
local constant sections. Therefore the holonomy of b∇∂X around R/Z ∼= S
1 is
multiplication by α. So X is untwisted if α = 1, and twisted otherwise.
Combining (a),(b) we see that if X is as in Example 3.9 and α 6= 1 then
X 6∼= FMan
ac
Manc (W ) for any W ∈Man
c. Therefore FMan
ac
Manc :Man
c →Manac is
not essentially surjective. This also shows that manifolds with a-corners up to
a-diffeomorphism can depend nontrivially on continuous parameters.
Next we define weights λ on a manifold with a-corners X , and a line bundle
Lλ with flat b-connection
b∇λ for each weight λ.
Definition 4.18. Let X be a manifold with a-corners. A weight on X is a
constant section λ of (bN∂X ,
b∇∂X) in Definition 4.16, that is, λ ∈ Γ∞(bN∂X)
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with b∇∂Xλ = 0 in Γ∞(bN∂X ⊗ bT ∗(∂X)). Write W (X) for the set of weights
λ for X . Then W (X) is a real vector space.
Write ∂X =
∐
i∈I ∂iX , where ∂iX for i ∈ I are the connected components
of ∂X . If X is untwisted then (bN∂X ,
b∇∂X) is noncanonically isomorphic to
the trivial flat line bundle, so W (X) is noncanonically isomorphic to the set of
locally constant functions ∂X → R, which is RI .
If X is twisted then (bN∂X ,
b∇∂X) is nontrivial on ∂iX for at least one i ∈ I,
and then any weight λ is zero on ∂iX . In general W (X) ∼= R
J , where J ⊆ I is
the set of i ∈ I such that (bN∂X ,
b∇∂X) is trivial on ∂iX .
As in Definition 4.9, the orientation on bN∂X gives a notion of when a weight
λ has λ > 0, λ < 0, λ > 0, or λ 6 0. More generally, if λ, µ ∈ W (X) we write
λ > µ if λ− µ > 0, and so on.
For each λ ∈ W (X) we will define a real line bundle Lλ on X with a flat
b-connection b∇λ, where we have a canonical identification
(Lλ,
b∇λ)|X◦ ∼= (R,
b∇0)|X◦ (4.19)
with the trivial flat line bundle R on X◦. This (Lλ,
b∇λ) is not locally trivial
on X if λ 6= 0.
Fix a weight λ ∈ W (X). Let (U, φ) be an a-chart on X , with U ⊆ Rk,m
open, and (x1, . . . , xm) are the coordinates on U . Then for each i = 1, . . . , k we
have an a-chart (U ′i , φ
′
i) on ∂X , where
U ′i =
{
(y1, . . . , ym−1) ∈ R
k−1,m−1 : (y1, . . . , yi−1, 0, yi, . . . , ym−1) ∈ U ⊆ R
m
k
}
,
φ′i(y1, . . . , ym−1) =
(
φ(y1, . . . , yi−1, 0, yi, . . . , ym−1), φ∗({xi = 0})
)
.
Suppose for simplicity that U ′i is connected for i = 1, . . . , k. Then there exist
unique λ1, . . . , λk ∈ R such that λ = λi ·xi
∂
∂xi
over φ′i(U
′
i) ⊆ ∂X for i = 1, . . . , k,
where we take λi = 0 if U
′
i = ∅. Over φ(U) ⊆ X we define Lλ to have basis the
nonvanishing section eU,φ, with b-derivative
b∇λeU,φ =
∑k
i=1 λi eU,φ ⊗ (x
−1
i dxi). (4.20)
Over φ(U◦) ⊆ X◦ the isomorphism (Lλ, b∇λ)|X◦ ∼= (R, b∇0)|X◦ identifies
eU,φ|φ(U◦) ∼= x
λ1
1 · · ·x
λk
k ∈ C
∞(φ(U◦)) = Γ∞(R|φ(U◦)). (4.21)
Note that (4.20)–(4.21) imply that x−λ11 · · ·x
−λk
k eU,φ in Γ
∞(Lλ|φ(U◦)) is identi-
fied with 1 ∈ Γ∞(R|φ(U◦)), where
b∇λ(x
−λ1
1 · · ·x
−λk
k eU,φ) = 0, so this isomor-
phism Lλ|φ(U◦) ∼= R|φ(U◦) does identify
b∇λ with b∇0.
Now suppose (U˜ , φ˜) is another a-chart on X , with U˜ ⊆ Rl,m open, and
define (x˜1, . . . , x˜m) and (U˜
′
i , φ˜
′
i), λ˜i for i = 1, . . . , l as above. Then we have
a coordinate change (x1, . . . , xm)  (x˜1, . . . , x˜m) from (U, φ) to (U˜ , φ˜). By
Definition 3.3(b)(i) for j = 1, . . . , l locally over φ(U) ∩ φ˜(U˜) we may write
x˜j(x1, . . . , xm) = Fj(x1, . . . , xm) · x
a1,j
1 · · ·x
ak,j
k (4.22)
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where ai,j ∈ [0,∞) and Fj : U → (0,∞) is a-smooth.
Over φ(U) ∩ φ˜(U˜), we define the sections eU,φ, eU˜,φ˜ of Lλ to be related by
eU˜,φ˜ = x˜
λ˜1
1 · · · x˜
λ˜l
l · x
−λ1
1 · · ·x
−λk
k · eU,φ. (4.23)
This is compatible with the isomorphisms Lλ|φ(U◦) ∼= R|φ(U◦) and Lλ|φ˜(U˜◦)
∼=
R|φ˜(U˜◦) above. Now (4.23) may not be defined at points in φ(U) ∩ φ˜(U˜) where
some xi = 0 or x˜j = 0. However, by (4.22) we may rewrite (4.23) as
eU˜,φ˜ = F
λ˜1
1 (x1, . . . , xm) · · ·F
λ˜l
l (x1, . . . , xm) ·
∏k
i=1 x
∑l
j=1 ai,j λ˜j−λi
i · eU,φ. (4.24)
If xi = 0 at some point z in φ(U)∩ φ˜(U˜), then by considering the expressions for
λ in the coordinates (x1, . . . , xm) and (x˜1, . . . , x˜m) at (z, {xi = 0}) ∈ ∂X , we
see that λi =
∑l
j=1 ai,j λ˜j , so that the power of xi in (4.24) is zero. Hence the
coefficient of eU,φ in (4.24) is well defined and nonzero everywhere in φ(U)∩φ˜(U˜).
It is easy to check that on triple overlaps φ(U) ∩ φ˜(U˜) ∩ φˆ(Uˆ) between a-
charts (U, φ), (U˜ , φ˜), (Uˆ , φˆ), the relations between sections eU,φ, eU˜,φ˜, eUˆ,φˆ are
consistent. Thus we have defined a line bundle Lλ and flat connection
b∇λ on
X for each weight λ ∈W (X).
Remark 4.19. For X,λ, Lλ as above, smooth sections s of Lλ may be regarded
as smooth functions c on X◦ with prescribed growth rates near ∂X . In a chart
(U, φ) as above, equation (4.21) implies that over φ(U) a section s ∈ Γ∞(Lλ)
corresponds to a function c on X◦ with growth of order O(xλ11 · · ·x
λk
k ).
The line bundles Lλ are intended to be used in problems involving prescribed
growth rates at infinity. Rather than considering sections e of a vector bundle E
over X◦ with growth e = O(xλ11 · · ·x
λk
k ) at infinity, one should consider sections
e¯ of the vector bundle E⊗Lλ over X . It is often useful to take tensor products
E ⊗ Lλ of vector bundles E → X with line bundles Lλ.
If X is twisted then there are fewer weights λ on X , possibly only λ = 0. So
it may be helpful to suppose X is untwisted for problems of this kind.
We can pull back weights λ and line bundles Lλ under interior maps:
Definition 4.20. Let f : X → Y be an interior map of manifolds with a-
corners, and λ ∈ W (Y ), with line bundle Lλ → Y and canonical identification
(4.19) from Definition 4.18. We will show that there is a unique weight f∗(λ)
in W (X), and a unique isomorphism
f∗(Lλ) ∼= Lf∗(λ) (4.25)
of line bundles on X , such that on restriction to X◦, the composition
R ∼= f |∗X◦(R) ∼= f |
∗
X◦(Lλ|Y ◦) ∼= f
∗(Lλ)|X◦ ∼= Lf∗(λ)|X◦ ∼= R (4.26)
is the identity R ∼= R. Here the second isomorphism of (4.26) comes from (4.19)
for λ, the third holds as f(Y ◦) ⊆ X◦ since f is interior, the fourth is from (4.25),
and the fifth from (4.19) for f∗(λ).
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It is easy to see from Definition 4.18 that if µ, µ′ ∈ W (X) with an isomor-
phism Lµ ∼= Lµ′ compatible with the canonical isomorphisms Lµ|X◦ ∼= R ∼=
Lµ′ |X◦ from (4.19) then µ = µ′. Hence f∗(λ) is unique if it exists. Also (4.26)
determines the isomorphism (4.25) on X◦, and hence on X = X◦ by continuity.
Thus the isomorphism (4.25) is unique if it exists. Therefore it is enough to
construct λ and the isomorphism (4.25) locally on ∂X and X .
Let x ∈ Sk(X) ⊆ X with f(x) = y ∈ Sl(Y ) ⊆ Y , and choose local coor-
dinates (x1, . . . , xm) ∈ R
k,m on open x ∈ U ⊆ X near x with x = (0, . . . , 0)
and (y1, . . . , yn) ∈ R
l,n on open y ∈ f(U) ⊆ V ⊆ Y with y = (0, . . . , 0). Then
by Definition 3.3 we may write f = (f1, . . . , fn) with fj = fj(x1, . . . , xm) in
coordinates near x, where for j = 1, . . . , l we have
fj(x1, . . . , xm) = Fj(x1, . . . , xm) · x
a1,j
1 · · ·x
ak,j
k
near x, for Fj : U → (0,∞) a-smooth and ai,j ∈ [0,∞).
Write λ|yj=0 = λj · yj
∂
∂yj
on the boundary face yj = 0 near y for j = 1, . . . , l
and λj ∈ R. Then f∗(λ) is given by f∗(λ)|xi=0 =
(∑l
j=1 ai,jλj
)
· xi
∂
∂xi
on the
boundary face xi = 0 near x for i = 1, . . . , k. One can check using Definition
4.18 that with this local definition of f∗(λ) there is a unique isomorphism (4.25)
near x satisfying the desired conditions. Thus f∗(λ) and (4.25) are well defined.
Pullbacks f∗(λ) and the isomorphisms (4.25) are contravariantly functorial.
Remark 4.21. To extend the material of this section to manifolds with corners
and a-corners X in §3.5, with ∂X = ∂cX ∐ ∂acX as in Remark 4.3, we define
(bN∂acX ,
b∇∂acX) over the a-boundary ∂acX only, and let W (X) be the vector
space of constant sections of bN∂acX → ∂acX , and flat line bundles (Lλ, b∇λ)
for λ ∈ W (X), where (Lλ, b∇λ) is trivial near the ordinary boundary ∂cX .
5 Analysis on manifolds with a-corners
We now discuss aspects of the analysis of partial differential operators on a
manifold with a-corners X , regarded as acting on suitable Sobolev spaces of
functions or sections of vector bundles on X . We focus in particular on elliptic
operators and Fredholm properties, although the author expects that our theory
may also have interesting applications to other classes of p.d.e.s, for example
parabolic equations such as Ricci Flow or Mean Curvature Flow.
Most of this section is not very original: it is a translation into our lan-
guage of ideas by other authors, especially those of Richard Melrose [61–63] and
his school, but also those of Lockhart and McOwen [48–50] and others. This
translation introduces some new changes in mathematical content (for example,
a-smooth functions versus polyhomogeneous conormal functions, as we discuss
in §5.5), and also a new point of view on well studied problems.
We hope to persuade the reader here and in §6 that our ‘a-corners’ language
provides a useful and economical new way of thinking about, and writing about,
many important topics in geometry and analysis.
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In §5.5 we will explain the relation of our theory to Melrose’s theory of
analysis on manifolds with corners [61–64].
5.1 Riemannian b-metrics
This section is based on ideas of Melrose [61–63], discussed in §5.5.
Definition 5.1. LetX be a manifold with a-corners, usually supposed compact.
A b-metric g on X is g ∈ Γ∞(S2(bT ∗X)) such that g|x is a positive definite
quadratic form on bTxX for all x ∈ X .
More generally, let λ ∈ W (X) be a weight on X , and Lλ the corresponding
flat line bundle, as in §4.4. A weighted b-metric g on X with weight λ is
g ∈ Γ∞(S2(bT ∗X) ⊗ L−2λ) such that g|x is a positive definite quadratic form
on bTxX ⊗Lλ|x for all x ∈ X . An ordinary b-metric is weighted with weight 0.
Let X be a compact manifold with a-corners with ∂X 6= ∅, and g a b-metric
or weighted b-metric on X . The interiorX◦ ⊂ X is an ordinary manifold, which
is noncompact as ∂X 6= ∅. Since bTX |X◦ = TX◦ and Lλ|X◦ = R, we see that
g◦ = g|X◦ is a Riemannian metric on X◦, as usual in differential geometry.
Now the fact that g◦ on X◦ extends to a (weighted) b-metric g on X implies
that g◦ satisfies asymptotic conditions on the noncompact ends of X◦, and this
is in fact a useful way of specifying asymptotic conditions on (X◦, g◦) in many
interesting problems.
Here is the analogue of the fundamental theorem of Riemannian geometry.
It may be proved by considering local coordinates (x1, . . . , xm) ∈ U ⊆ R
k,m =
J0,∞)k×Rm−k on X , so that (x1, . . . , xm) ∈ U◦ ⊆ (0,∞)k×R
m−k are local co-
ordinates on X◦, considering the usual expression for the Levi-Civita connection
∇ of g|X◦ on U◦ in these coordinates, rewriting this using xi
∂
∂xi
, x−1i dxi rather
than ∂∂xi , dxi for i = 1, . . . , k, and then noting that this rewritten expression
extends uniquely to an a-smooth b-connection on U ⊇ U◦.
Proposition 5.2. Let g be a weighted b-metric on a manifold with a-corners
X, with weight λ. Then there is a unique b-connection b∇ on the vector bundle
bTX ⊗ Lλ over X called the Levi-Civita b-connection, such that b∇|X◦ is
identified with the usual Levi-Civita connection ∇ of g|X◦ under the natural
isomorphism (bTX ⊗ Lλ)|X◦ ∼= TX◦. Also b∇ is torsion-free with b∇g = 0.
Here is a simple example:
Example 5.3. Let X be a compact manifold with a-boundary of dimension
m > 0, and suppose X is untwisted, and ∂X is nonempty and connected. Then
there exist a compact subset K ⊂ X◦ and an a-diffeomorphism
X \K ∼= J0, ǫ)× ∂X (5.1)
for ǫ > 0, where ∂X is a compact (m − 1)-manifold. Write t : X \K → J0, ǫ)
for projection to J0, ǫ) in (5.1), so that t is a-smooth. If (x1, . . . , xm−1) ∈ R
m−1
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are local coordinates on ∂X , then (t, x1, . . . , xm−1) ∈ J0,∞) × R
m−1 = R1,m
are local coordinates on X \K ⊂ X under (5.1).
The flat line bundle bN∂X of Definition 4.16 is trivial (as X is untwisted),
with constant basis section t ∂∂t . Thus, as ∂X is connected, weights λ ∈ W (X)
in Definition 4.18 are λ = λ′ · t ∂∂t for λ
′ ∈ R, so that W (X) ∼= R. Note that
this trivialization W (X) ∼= R depends on the choice of a-diffeomorphism (5.1).
If we replace t : X \K → J0,∞) by t˜ = tα for α > 0 then t˜ ∂
∂t˜
= α−1 · t ∂∂t , so
λ = λ′ · t ∂∂t = λ˜
′ · t˜ ∂
∂t˜
for λ˜′ = αλ′.
We can identify a-smooth sections e of the line bundle Lλ of Definition 4.18
with smooth functions f : X◦ → R such that the function t−λ
′
· f |X◦\K :
X◦ \K → R extends to an a-smooth function X \K → R.
Now suppose that g is a weighted b-metric on X with weight λ. Then under
the identification (5.1) we may write
g|X\K ∼= t
−2λ′
(
ht + 2h
′
tt
−1dt+ h′′t t
−2(dt)2
)
, (5.2)
where for t ∈ J0, ǫ) we have ht ∈ Γ∞(S2T ∗(∂X)), h′t ∈ Γ
∞(T ∗(∂X)) and
h′′t ∈ C
∞(∂X), which are a-smooth in t ∈ J0, ǫ), and such that ht + 2h′tt
−1dt+
h′′t t
−2(dt)2 is positive definite on T (∂X)⊕ 〈t ∂∂t 〉R, so that in particular ht is a
Riemannian metric on ∂X for t ∈ J0, ǫ), and h′′t > 0.
By definition of a-smooth functions in §3.1, and using the compactness of
∂X , we see that there exists small α > 0 such that
ht = h0 +O(t
α), h′t = h
′
0 +O(t
α), h′′t = h
′′
0 +O(t
α) as t→ 0. (5.3)
Combining (5.2)–(5.3) gives
g|X\K ∼= t
−2λ′
(
h0 + 2h
′
0t
−1dt+ h′′0t
−2(dt)2 +O(tα)
)
as t→ 0. (5.4)
Let us now assume that h′0 = 0 and h
′′
0 = 1. Divide into three cases (a)
λ′ = 0; (b) λ′ > 0; and (c) λ′ < 0, and change variables for t as follows:
(a) When λ′ = 0, so g is unweighted, change variables from t in (0, ǫ) to r =
− log t in (R,∞), where R = − log ǫ. Then (5.1) induces a diffeomorphism
X◦ \K ∼= (R,∞)× ∂X, (5.5)
and under (5.5), equation (5.4) becomes
g◦|X◦\K ∼= h0 + (dr)
2 +O(e−αr) as r →∞. (5.6)
That is, the noncompact Riemannian manifold (X◦, g◦) is Asymptotically
Cylindrical (ACy), with exponential decay as r → ∞ to the Riemannian
cylinder R× ∂X with metric h0 + (dr)2.
(b) When λ′ > 0, change variables from t in (0, ǫ) to r = (λ′)−1t−λ
′
in (R,∞),
where R = (λ′)−1ǫ−λ
′
. Then (5.1) induces a diffeomorphism
X◦ \K ∼= (R,∞)× ∂X, (5.7)
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and under (5.7) we have
g◦|X◦\K ∼= r
2[(λ′)2h0] + (dr)
2 +O(r−α/λ
′
) as r →∞. (5.8)
That is, (X◦, g◦) is Asymptotically Conical (ACo), with polynomial decay
to the Riemannian cone (0,∞) × ∂X with metric r2[(λ′)2h0] + (dr)2 as
r →∞, where the error O(r−α/λ
′
) in (5.8) is measured using g◦.
(c) When λ′ < 0, change variables from t in (0, ǫ) to r = −(λ′)−1t−λ
′
in
(0, R), where R = −(λ′)−1ǫ−λ
′
. Then (5.1) induces a diffeomorphism
X◦ \K ∼= (0, R)× ∂X, (5.9)
and under (5.9) we have
g◦|X◦\K ∼= r
2[(λ′)2h0] + (dr)
2 +O(r−α/λ
′
) as r → 0.
That is, (X◦, g◦) has a conical singularity, with polynomial decay as r→ 0
to the Riemannian cone (0,∞)× ∂X with metric r2[(λ′)2h0] + (dr)
2.
It makes geometric sense to compactify (X◦, g◦) by adding a single point
at r = 0, the vertex of the cone.
Thus, weighted b-metrics include Asymptotically Cylindrical metrics, Asymp-
totically Conical metrics, and metrics with conical singularities.
5.2 Weighted Sobolev spaces on manifolds with a-corners
Let X be a compact manifold with a-corners with ∂X 6= ∅, so that the interior
X◦ is a noncompact manifold, and E → X be a vector bundle. We now define
Banach spaces Lp(X), Lpk(X), L
p(X)λ, L
p
k(X)λ of functions on X
◦, and Banach
spaces Lp(E), Lpk(E), L
p(E)λ, L
p
k(E)λ of sections of E|X◦ . Here although the
geometry happens on the noncompact manifold X◦, the compactification X is
used to control the asymptotic behaviour at infinity in X◦.
As we will see in §5.3–§5.4, the definition is designed to ensure that linear
elliptic operators onX◦ with suitable extension properties toX induce Fredholm
maps between these Banach spaces. There is a very similar story for weighted
Ho¨lder spaces Ck,α(E), Ck,α(E)λ on X
◦, but for brevity we will not explain it.
In many important special cases, our weighted Sobolev spaces are equivalent
to those considered by other authors, as we explain in Remark 5.6(c), and the
Fredholm results in §5.3–§5.4 will be deduced from these authors’ work.
Definition 5.4. Let X be a compact manifold with a-corners, and E → X a
vector bundle. For each real number p ∈ (1,∞) and integer k > 0 we will define
the Lebesgue space Lp(E) and Sobolev space Lpk(E), which are Banach spaces
of sections of the vector bundle E|X◦ over the ordinary manifold X
◦. Also, if
λ ∈ W (X) is a weight, we will define the weighted Lebesgue space Lp(E)λ and
the weighted Sobolev space Lpk(E)λ by
Lp(E)λ = L
p(E ⊗ Lλ) and L
p
k(E)λ = L
p
k(E ⊗ Lλ), (5.10)
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where λ ∈ W (X) and Lλ are as in §4.4.
To define Lp(E), Lpk(E) we need to make some additional choices. Let g be
a b-metric on X (not a weighted b-metric), as in §5.1. Let hE be an a-smooth
metric on the fibres of E, that is, hE ∈ Γ∞(S2E∗) with hE |x a positive definite
quadratic form on Ex for all x ∈ X , and let
b∇E be a b-connection on E.
Combining b∇E with the Levi-Civita b-connection b∇ on bTX from §5.1
induces b-connections b∇E on E ⊗
⊗j bT ∗X for j = 1, 2, . . . . Thus, for any
e ∈ Γ∞(E) we may form the kth derivative (b∇E)ke ∈ Γ∞(E ⊗
⊗k bT ∗X) for
all k = 0, 1, 2, . . . . Also, combining hE with the inverse of g induces metrics on
the fibres of E ⊗
⊗k bT ∗X , so we can take norms ∣∣(b∇E)ke∣∣ ∈ C∞(X).
For p > 1, define the Lebesgue space Lp(E) to be the vector space of locally
integrable sections e of E|X◦ over X◦ for which the norm
‖e‖Lp =
(∫
X◦
|e|pdVg◦
)1/p
is finite. Here dVg◦ is the volume form of the metric g
◦ = g|X◦ . For p > 1 and
k > 0 define the Sobolev space Lpk(E) to be the vector space of locally integrable
sections e of E|X◦ such that e is k times weakly differentiable and the norm
‖e‖Lp
k
=
( k∑
j=0
∫
X◦
∣∣(b∇E)je∣∣pdVg◦)1/p
is finite. Then Lp(E), Lpk(E) are Banach spaces w.r.t. the norms ‖ . ‖Lp, ‖ . ‖Lpk ,
and L2(E), L2k(E) are Hilbert spaces. For each λ ∈ W (X), define the weighted
Lebesgue space Lp(E)λ and the weighted Sobolev space L
p
k(E)λ by (5.10).
When E is the trivial line bundle R = R × X → X we will write Lp(X),
Lpk(X), L
p(X)λ, L
p
k(X)λ in place of L
p(E), Lpk(E), L
p(E)λ, L
p
k(E)λ, and regard
Lp(X), . . . , Lpk(X)λ as Sobolev spaces of functions on X .
The next lemma is easy to prove. It is important because it shows that the
spaces Lp(E), Lpk(E), L
p(E)λ, L
p
k(E)λ are intrinsic to X,E.
Lemma 5.5. In Definition 5.4, noting that X is compact, if we consider Lp(E),
Lpk(E), L
p(E)λ, L
p
k(E)λ just as topological vector spaces of sections of E|X◦ ,
then they depend only on X,E, p, k, λ, and are independent of the auxiliary
choices of g, hE ,∇E. The norms ‖ . ‖Lp, ‖ . ‖Lp
k
do depend on g, hE ,∇E , but
only up to bounded factors.
Remark 5.6. (a) The definitions above also give good Banach spaces L1(E),
. . . , L1k(E)λ when p = 1, and Lemma 5.5 holds. But the Fredholm results in
§5.3 fail when p = 1 even for ordinary manifolds, so we exclude this case.
(b) If X is not compact above then Lemma 5.5 fails, and Lp(E), Lpk(E), L
p(E)λ,
Lpk(E)λ depend on g, h
E,∇E , which makes them less interesting.
(c) It is important in Definition 5.4 that we define Lp(E), . . . , Lpk(E)λ using a
b-metric g, not a weighted b-metric. If allow g to be a weighted b-metric, the
the Fredholm properties of elliptic operators in §5.3 may no longer hold.
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For example, take X to be an n-ball Bn, with X◦ ∼= Rn, and give Rn the
Euclidean metric g0. Lockhart [48] explains that the Laplacian ∆ on R
n gives a
non-Fredholm map ∆ : Lp2(R
n)→ Lp(Rn) between Sobolev spaces defined using
g0, and says that this is because L
p
2(R
n) is the ‘wrong’ space, and one should
instead consider certain ‘weighted Sobolev spaces’ on Rn.
In our language, this is because (Rn, g0) is Asymptotically Conical, as in
Example 5.3(b), and so comes from a weighted b-metric on X , and Lpk(R
n) is
defined using a weighted b-metric. But Lockhart’s weighted Sobolev spaces on
R
n are equivalent to those in Definition 5.4 using an unweighted b-metric on X .
(d) Let X be a compact, untwisted manifold with a-boundary, with ∂X 6= ∅.
Then our Lpk(X)λ are equivalent to the weighted Sobolev spaces on X
◦ defined
by Lockhart and McOwen [48–50]. When p = 2, they are equivalent to the
weighted Sobolev spaces considered by Melrose and Mendoza [65, §2], [63, p. 10].
Now let X be a compact, untwisted manifold with a-corners. When p = 2,
our weighted Sobolev spaces L2k(X)λ are equivalent to those discussed by Loya
[55,56], and are also implicit in the work of Melrose, Nistor and Piazza [66,67].
5.3 Elliptic operators and Fredholm properties
We discuss partial differential operators on manifolds with a-corners. These
are related to (but less general than) the ‘b-pseudodifferential operators’ on a
compact manifold with corners studied by Melrose, Nistor and Piazza [66, 67].
Definition 5.7. Let X be a compact manifold with a-corners, and E,F → X
be vector bundles. A linear map P : Γ∞(E) → Γ∞(F ) is a partial differential
operator (p.d.o.) of order l > 0 if P (e)|x ∈ Fx depends linearly only on e and
its first l b-derivatives at x, for each x ∈ X and all e ∈ Γ∞(E).
We may write this more explicitly as follows. Choose b-connections b∇E on
E and b∇ on bTX . Then b∇E , b∇ induce b-connections b∇E on E ⊗
⊗j bT ∗X
for j > 1 so given e ∈ Γ∞(E) we can form (b∇E)je ∈ Γ∞(E ⊗
⊗j bT ∗X) for
j > 0. Then P : Γ∞(E)→ Γ∞(F ) is a p.d.o. of order l if it is of the form
P (e) =
∑l
j=0 aj · (
b∇E)je, (5.11)
where aj ∈ Γ∞
(
E∗ ⊗
⊗j bTX ⊗ F ) for j = 0, . . . , l. The notion of p.d.o. of
order l, and the leading term al, are both independent of the choices of
b∇E , b∇,
although a0, a1, . . . , al−1 do depend on
b∇E , b∇.
For any p > 1 and k > 0, P induces a morphism of Banach spaces
P pk : L
p
k+l(E) −→ L
p
k(F ), (5.12)
given by (5.11) restricted to X◦, with e ∈ Lpk+l(E).
Let λ be a weight on X , so that §4.4 defines a line bundle Lλ on X with flat
connection b∇λ. For j = 0, 1, . . . , write
b∇E for the b-connection on E ⊗ Lλ ⊗⊗j bT ∗X given by combining the b-connections b∇E on E⊗⊗j bT ∗X and b∇λ
on Lλ. Now define a p.d.o. Pλ : Γ
∞(E ⊗ Lλ)→ Γ∞(F ⊗ Lλ) of order l by
Pλ(e) =
∑l
j=0 aj · (
b∇Eλ )
je,
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where we now regard aj as lying in Γ
∞
(
(E⊗Lλ)∗⊗
⊗j bTX⊗ (F ⊗Lλ)), since
L∗λ⊗Lλ is trivial. Then Pλ depends only on X,E, F, P, λ, and not on the choices
of b∇E , b∇. This shows that any p.d.o. P : Γ∞(E) → Γ∞(F ) can be ‘twisted
by Lλ’ to give Pλ : Γ
∞(E ⊗ Lλ)→ Γ∞(F ⊗ Lλ), for all λ ∈ W (X).
Applying (5.12) to Pλ rather than P gives a morphism of Banach spaces
P pk,λ : L
p
k+l(E)λ −→ L
p
k(F )λ, (5.13)
for all p > 1, k > 0 and λ ∈ W (X).
We may restrict a p.d.o. P on X to the boundary ∂X and k-corners Ck(X),
as follows. For P |∂X , from §4.1–§4.2 we have an a-smooth map iX : ∂X → X
and a projection bπT : i
∗
X(
bTX)→ bT (∂X) as in (4.14). Thus we may form⊗j bπT [i∗X(aj)] ∈ Γ∞(E∗|∂X ⊗⊗j bT (∂X)⊗ F |∂X).
Writing E|∂X , F |∂X for i∗X(E), i
∗
X(F ), define P |∂X : Γ
∞(E|∂X)→ Γ∞(F |∂X) by
P |∂X(e
′) =
∑l
j=0
⊗j bπT [i∗X(aj)] · (b∇E∂ )je′, (5.14)
where b∇E∂ are the b-connections on E|∂X ⊗
⊗j bT ∗(∂X) → ∂X induced by
b∇E on E → X and b∇ on bTX → X . Then P |∂X is a p.d.o. of order l on X .
Similarly we may define P |Ck(X) : Γ
∞(E|Ck(X))→ Γ
∞(F |Ck(X)) and P |∂kX :
Γ∞(E|∂kX)→ Γ
∞(F |∂kX) for all k = 0, 1, . . . , dimX .
We can also consider nonlinear partial differential operators, in which P (e)|x
is a nonlinear a-smooth function of x and (b∇E)je|x for j = 0, . . . , l. These are
very important, but for brevity we will not discuss them here.
Remark 5.8. The canonical restrictions P |∂X above work because our par-
tial differential operators P are defined using b-(co)tangent bundles bTX, bT ∗X
rather than (co)tangent bundles TX, T ∗X . To see this, compare equations
(2.10), (2.11) and (4.14): the natural morphisms bπT : i
∗
X(
bTX)→ bT (∂X) and
diX : T (∂X)→ i∗X(TX) go in opposite directions, and diX goes the wrong way
to be able to define P |∂X in (5.14).
Next we discuss linear elliptic operators on manifolds with a-corners.
Definition 5.9. Let X be a manifold with a-corners, and P : Γ∞(E)→ Γ∞(F )
a partial differential operator of order l > 0. For all x ∈ X and ξ ∈ bT ∗xX , define
a linear map σP (x, ξ) : Ex → Fx by σP (x, ξ) : ex 7→ al|x · (ex ⊗
⊗l ξ). We call
σP the principal symbol of P . We call P elliptic if σP (x, ξ) : Ex → Fx is an
isomorphism for all x ∈ X and 0 6= ξ ∈ bT ∗xX .
As in Definition 5.7 we may form the restriction P |∂X . The principal symbols
σP , σP |∂X of P and P |∂X are related by
σP |∂X (x
′, ξ′) = σP
(
iX(x
′), bπ∗T |x′(ξ
′)
)
,
where x′ ∈ ∂X and ξ′ ∈ bT ∗x′(∂X), and
bπ∗T |x′ :
bT ∗x′(∂X) →
bT ∗iX(x′)X is dual
to bπT in (4.14) at x
′. Since bπ∗T |x′ is injective, we see that P elliptic implies
that P |∂X is elliptic, and similarly P |Ck(X), P |∂kX are elliptic for k > 0.
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Let P : Γ∞(E) → Γ∞(F ) be an elliptic p.d.o. of order l on a compact
manifold with a-corners X . We are interested in the question of when the
Banach space morphisms (5.12)–(5.13) are Fredholm. When ∂X = ∅, so that
X is a compact manifold, it is well known that (5.12) is Fredholm for any p > 1
and k > 0, with index given by the Atiyah–Singer Index Theorem. Much work
has been done on similar problems by many authors, including Lockhart and
McOwen [48–50], Loya [55, 56], Melrose et al. [63, 65–67], and Piazza [73].
The next theorem summarizes results of Lockhart–McOwen [50], Melrose–
Mendoza [63, 65] and Piazza [73] for compact manifolds with boundary, trans-
lated into our language.
Theorem 5.10. Let X be a compact, untwisted manifold with a-boundary.
Write ∂1X, . . . , ∂NX for the connected components of ∂X. By choosing a triv-
ialization (5.1) near ∂X we may identify W (X) ∼= RN , where λ ∈ W (X) is
identified with (λ1, . . . , λN ) ∈ R
N with λ ∼= λjt
∂
∂t on ∂jX for j = 1, . . . , N .
Let E,F → X be vector bundles with rankE = rankF, and P : Γ∞(E) →
Γ∞(F ) be an elliptic partial differential operator of order l > 0. Then:
(a) There exist discrete subsets Dj ⊂ R for j = 1, . . . , N such that
(Pλ|∂jX)
p
k : L
p
k+l(E ⊗ Lλ|∂jX) −→ L
p
k(F ⊗ Lλ|∂jX)
is an isomorphism if and only if λj /∈ Dj , for all p > 1, k > 0 and
λ ∈W (X), where λ corresponds to (λ1, . . . , λN ) ∈ R
N as above.
(b) For all p > 1, k > 0 and λ ∈ W (X), the operator P pk,λ in (5.13) is
Fredholm if and only if λj /∈ Dj for j = 1, . . . , N . When it is Fredholm,
the kernel KerP pk,λ and index indP
p
k,λ depend only on X,E, F, P and the
connected components of R \ Dj containing λj for j = 1, . . . , N .
If λ, λ′ ∈ W (X) with λ > λ′ in the sense of Definition 4.18, then
KerP pk,λ ⊆ KerP
p
k,λ′ . (5.15)
(c) When P pk,λ is Fredholm, there is an ‘Index Theorem’ that writes
indP pk,λ = t-ind(P ) +
∑N
j=1 b-ind(P |∂jX , λj), (5.16)
where t-ind(P ) is a ‘topological index’ similar to that in the Atiyah–Singer
Index Theorem, and b-ind(P |∂jX , λj) is a ‘boundary index’, roughly a
count of eigenvalues in the interval [0, λj] of an operator on ∂jX.
(d) By choosing a b-metric g on X and metrics hE , hF on the fibres of E,F,
we may define the formal adjoint P ∗ : Γ∞(F )→ Γ∞(E). It is an elliptic
p.d.o. of order l, which is characterized by the property that if λ ∈W (X),
e ∈ L2l (E)λ and f ∈ L
2
l (F )−λ then∫
X◦
hF
(
P 20,λ(e), f
)
dVg◦ =
∫
X◦
hE
(
e, (P ∗)20,−λ(f)
)
dVg◦ ,
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where the integrals are well-defined.
Then for all p > 1, k > 0 and λ ∈ W (X), the operator P pk,λ in (5.13) is
Fredholm if and only if (P ∗)pk,−λ is Fredholm, and in this case
CokerP pk,λ
∼= Ker(P ∗)
p
k,−λ, Coker(P
∗)pk,−λ
∼= KerP
p
k,λ,
and indP pk,λ = − ind(P
∗)pk,−λ = dimKerP
p
k,λ − dimKer(P
∗)pk,−λ.
Proof. Equation (5.15) is obvious as Lpk+l(E)λ ⊆ L
p
k+l(E)λ′ if λ > λ
′. Parts (a)–
(c) but without computing t-ind(P ) are proved in Lockhart and McOwen [50,
Th. 8.1]. Part (d) also follows from results in [50, §3 & §7]. When P is self-
adjoint they also prove (5.17) with t-ind(P ) = 0, [50, Th. 7.4].
Melrose and Mendoza [65, Th. 6.17] also independently prove (a)–(c) when
p = 2, but without computing t-ind(P ). When P is a twisted Dirac operator and
p = 2, parts (a)–(c) are proved at length by Melrose [63], see in particular [63,
Th.s 5.40, 6.5, 9.1] and the formula [63, (9.5)] for t-ind(P ). Assuming [63, 65],
part (c) was proved for general elliptic P by Piazza [73] when p = 2, which by
(b) also implies (c) for general p > 1.
Theorem 5.10 was generalized to manifolds with corners by Loya and Mel-
rose [55–57], using material on b-pseudodifferential operators on manifolds with
corners due to Melrose, Nistor and Piazza [66, 67]. Parts (a),(b) of the next
result are taken from [57, Th. B.2], [56, Th. 1.2], translated into our language.
Theorem 5.11. Let X be a compact, untwisted manifold with a-corners. Write
∂1X, . . . , ∂NX for the connected components of ∂X. Suppose that iX |∂jX :
∂jX → X is injective for each j = 1, . . . , N . By choosing local coordinates
tj ∈ J0,∞) on X near iX(∂jX) normal to ∂jX we identify W (X) ∼= R
N , where
λ ∈ W (X) is identified with (λ1, . . . , λN ) ∈ R
N with λ ∼= λjtj
∂
∂tj
on ∂jX for
j = 1, . . . , N . Write ej ∈W (X) for the vector corresponding to (λ1, . . . , λN ) in
R
N with λi = δij , for all i, j = 1, . . . , N .
Let E,F → X be vector bundles with rankE = rankF, and P : Γ∞(E) →
Γ∞(F ) be an elliptic partial differential operator of order l > 0. Then:
(a) For all k > 0 and λ ∈W (X), the operator on X
P 2k,λ : L
2
k+l(E)λ −→ L
2
k(F )λ (5.17)
is Fredholm if and only if the operator on ∂jX
(Pλ+µej |∂jX)
2
k : L
2
k+l(E ⊗ Lλ+µej |∂jX) −→ L
2
k(F ⊗ Lλ+µej |∂jX) (5.18)
is invertible for all i = 1, . . . , N and all µ ∈ R. Whether (5.17)–(5.18) are
Fredholm, or invertible, is independent of k.
(b) When P 2k,λ in (5.17) is Fredholm, there is an ‘Index Theorem’ for indP
2
k,λ
of the form (5.16).
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Loya [56, Th. 1.1] also explains how the Fredholmness of (5.17) for generic
λ in W (X) depends on invertibility of operators similar to (5.18) over C2(X).
Note that if (5.18) is invertible, then it is Fredholm, so we can apply Theorem
5.11 to Pλ+µej |∂jX . Therefore questions about elliptic operators on manifolds
with a-corners have an inductive flavour: it helps to understand the opera-
tors Pλ|∂kX , or more-or-less equivalently Pλ|Ck(X), by reverse induction on the
codimension k = dimX, dimX − 1, . . . , 0.
5.4 B-fibrations and families of elliptic operators
Definition 4.8 defined b-fibrations f : X → Y of manifolds with a-corners,
following Melrose [61,62,64] for manifolds with ordinary corners. As we discuss
in §5.5, b-fibrations play an important roˆle in Melrose’s b-calculus, in that the
‘Pushforward Theorem’ Theorem 5.14(b) works for b-fibrations.
Definition 5.12. Let X,Y be manifolds with a-corners with dimX > dimY ,
and f : X → Y be a proper b-fibration. Then bdf : bTX → f∗(bTY ) is
surjective by definition. Define the relative tangent bundle bT (X/Y ) of f : X →
Y to be Ker(bdf). It is a vector subbundle of bTX , of rank dimX − dimY .
If y ∈ Y ◦ then Xy = f−1(y) is an embedded submanifold of X of dimension
dimX − dimY , which is compact as f is proper, and bT (Xy) ∼=
bT (X/Y )|Xy .
We loosely think of f : X → Y as a family of manifolds with a-corners Xy over
the base Y , and of bT (X/Y ) as the family of b-tangent bundles bT (Xy).
If y ∈ Y \ Y ◦ then things are more complicated: the fibre Xy = f−1(y)
may not be a submanifold, but only a union of submanifolds intersecting along
boundary faces, and the topology of Xy can change discontinuously as y moves
between different strata Sk(Y ) of Y . However, this is a feature, not a bug: as
we explain in §6, this kind of topology change in b-fibrations is a very useful
way of studying problems involving ‘gluing’, ‘neck-stretching’ and ‘bubbling’.
Now let E,F → X be vector bundles and P : Γ∞(E)→ Γ∞(F ) be a p.d.o.
on X of order l, as in Definition 5.7. Then after choosing b-connections b∇E , b∇
on E, bTX we may write P in the form (5.11) with aj ∈ Γ∞
(
E∗⊗
⊗j bTX⊗F )
for j = 0, . . . , l. Let b∇ be chosen to preserve the subbundle bT (X/Y ) ⊆ bTX .
Then we call P a family of partial differential operators on X/Y of order l if
aj ∈ Γ∞
(
E∗⊗
⊗j bT (X/Y )⊗F ) ⊆ Γ∞(E∗⊗⊗j bTX⊗F ), 0 6 j 6 l. (5.19)
Generalizing Definition 5.9, for all x ∈ X and ξ ∈ bT ∗x (X/Y ), define a linear
map σP/Y (x, ξ) : Ex → Fx by σP/Y (x, ξ) : ex 7→ al|x · (ex ⊗
⊗l
ξ), noting that
al|x ∈ E∗x ⊗
⊗l bTx(X/Y ) ⊗ Fx by (5.19). We call σP/Y the principal family
symbol of P . We call P a family of elliptic operators on X/Y if σP/Y (x, ξ) :
Ex → Fx is an isomorphism for all x ∈ X and 0 6= ξ ∈
bT ∗x (X/Y ).
If y ∈ Y ◦ then P has a natural restriction P |Xy : Γ
∞(E|Xy ) → Γ
∞(F |Xy ),
which is a p.d.o. of order l, and is elliptic if P is an elliptic family. It is given by
P |Xy (e) =
∑l
j=0 aj |Xy · (
b∇EXy )
je,
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where we consider aj |Xy as an element of Γ
∞
(
E∗|Xy⊗
⊗j bT (Xy)⊗F |Xy) using
bT (Xy) ∼=
bT (X/Y )|Xy , and
b∇EXy are b-connections on E|Xy ⊗
⊗j bT ∗(Xy)
constructed from the restrictions of b∇E , b∇ to E|Xy ,
bT (X/Y )|Xy .
Although we will not state any results to justify this, based on Melrose’s
theory, and on experience with ‘gluing’ and ‘bubbling’ problems in geometric
analysis, we claim that families of elliptic operators over a proper b-fibration
f : X → Y in Manac are an interesting thing to study.
If P : Γ∞(E) → Γ∞(F ) is a family of elliptic operators of order l over a
proper b-fibration f : X → Y , and λ ∈ W (X), then for fixed p > 1, k > 0 and
all y ∈ Y ◦ we have Banach space morphisms
(Pλ|Xy )
p
k : L
p
k+l(E ⊗ Lλ|Xy ) −→ L
p
k(F ⊗ Lλ|Xy ),
which as in §5.3 are often Fredholm for suitable λ. Melrose’s theory, and exam-
ples from the literature, suggest that we can understand these operators well as
a family, including their asymptotic behaviour as y approaches Y \ Y ◦.
As we explain in §6, there are many important geometric problems involving
‘gluing’, ‘bubbling’ or ‘neck-stretching’ which can be written in terms of families
of nonlinear elliptic equations over a proper b-fibration f : X → Y in Manac.
5.5 Relation to Melrose’s b-calculus
We now discuss the theory of analysis on manifolds with corners developed
by Richard Melrose and his collaborators [55–57, 61–67, 73], known as the ‘b-
calculus’. For a survey we recommend Grieser [22] and Melrose [61]. For mani-
folds with boundary the theory is developed in detail in Melrose’s book [63], and
extensions to the corner case are discussed by Melrose, Nistor and Piazza [66,67].
Actually, as in [61] Melrose’s framework applies to a larger class of theories;
we will be concerned only with ‘b-problems’, that is, those in which the initial Lie
algebra of vector fields V on a manifold with corners X in [61] is V = Γ∞(bTX).
Let X be a compact manifold with corners, and E,F → X be vector bun-
dles. Then Melrose’s theory defines a class Ψb(X ;E,F ) of b-pseudodifferential
operators from E to F , which include elliptic b-pseudodifferential operators. The
classical b-differential operators in Ψb(X ;E,F ) are (modulo technicalities on the
definition of a-smoothness) more-or-less the same as the differential operators
discussed in §5.3 on the corresponding manifold with a-corners X˜ = FMan
ac
Manc (X),
and the notions of ellipticity in Melrose’s theory and §5.3 also agree.
B-pseudodifferential operators P ∈ Ψb(X ;E,F ) act by convolution with a
Schwartz kernel KP ∈ C
−∞(π∗1(E
∗) ⊗ π∗2(F )) over X × X , a distribution on
X × X which is smooth in (X◦ × X◦) \ ∆X , and has prescribed asymptotic
behaviour near the boundary ∂(X ×X) and diagonal ∆X ⊂ X ×X . Often one
works on a blow-up ˜X ×X of X ×X , to describe this asymptotic behaviour.
Given an elliptic b-pseudodifferential operator P ∈ Ψb(X ;E,F ), one of the
goals of the theory is to construct an approximate inverse (parametrix) Q ∈
Ψb(X ;F,E) for P , and understand the asymptotic behaviour of KQ at the
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boundary faces of ˜X ×X. This helps to understand the behaviour of solutions
e of P (e) = f , since e ≈ Q(f) up to smooth, fast-decaying errors.
Here is an important concept in Melrose’s theory, [22, §2.1.2], [64, §4]:
Definition 5.13. Let X be a manifold with corners, and g : X◦ → R be a
smooth function. We call g polyhomogeneous conormal if whenever x ∈ Sk(X)
for k > 0 and (x1, . . . , xm) ∈ R
m
k are local coordinates on open x ∈ U ⊆ X with
x = (0, . . . , 0), then near x we have an asymptotic expansion
g(x1, . . . , xm) ∼
∞∑
a1,...,ak=0
n
a1
1∑
b1=0
· · ·
n
ak
k∑
bk=0
Gb1···bka1···ak(xk+1, . . . , xm) ·
x
α
a1
1
1 log
b1 x1 · · ·x
α
ak
k
k log
bk xk
(5.20)
in U◦ as x1, . . . , xk → 0, with all derivatives. Here for each i = 1, . . . , k, (α
j
i )
∞
j=0
is a sequence in C ordered such that Reα0i 6 Reα
1
i 6 · · · , with Reα
j
i →∞ as
j → ∞. Also bji ∈ N for i = 1, . . . , k and j = 0, 1, . . . , and G
b1···bk
a1···ak
is a smooth
C-valued function of xk+1, . . . , xm. The definition of ‘∼’ in (5.20) is explained
in Melrose [62, §4], [63, §5.10], [64, §4.13] and Grieser [22, §2.1.2].
The ‘index set’ of g assigns to each boundary face ∂iX of X locally defined
by xi = 0 for xi ∈ [0,∞), the set Si of pairs (α, b) ∈ C × N for which nonzero
terms including the factor xαi log
b xi appear in the expansion (5.20) for g.
We define polyhomogeneous conormal sections of vector bundles in the same
way. They are used by requiring the Schwartz kernelsKP of P ∈ Ψb(X ;E,F ) to
be polyhomogeneous conormal near the boundary faces of ˜X ×X, and imposing
conditions on the index sets for KP .
Here are two important results for polyhomogeneous conormal functions [62,
Th.s 3 & 5], [22, Th.s 3.10 & 3.12], due to Melrose. In (b), a ‘b-density’ is a
section of Λtop(bT ∗X), basically a volume form.
Theorem 5.14. (a) (Pullback Theorem) Let f : X → Y be an interior map
of manifolds with corners, and g : Y ◦ → R be polyhomogeneous conormal on Y .
Then the pullback f∗(g) : X◦ → R is a well defined polyhomogeneous conormal
function on X, and its index set can be computed from that of g.
(b) (Pushforward Theorem) Let f : X → Y be a proper, cooriented b-
fibration of manifolds with corners, and δ be a polyhomogeneous conormal b-
density on X. Suppose the index set of δ satisfies Reαi > 0 for all (αi, bi)
in Si whenever ∂iX is a boundary face of X with f((∂iX)
◦) ⊆ Y ◦. Then the
pushforward f∗(δ) is a well defined polyhomogeneous conormal b-density on Y,
and its index set can be computed from that of δ.
The Pullback and Pushforward Theorems are used in Melrose’s theory for
understanding operations on Schwarz kernels KP of P ∈ Ψb(X ;E,F ) – for
instance, the kernel KP◦Q of a composition P ◦Q is determined from KP ,KQ
using pullbacks and pushforwards along projections X ×X ×X → X ×X .
The fact that the Pushforward Theorem holds for b-fibrations is relevant to
§5.4. In particular, given a family of elliptic operators P : Γ∞(E) → Γ∞(F )
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over a proper b-fibration f : X → Y , under good conditions Melrose’s theory
will construct a family of parametrices Q for P given by a polyhomogeneous
conormal kernel on X with known index set, and this index set will determine
asymptotic features of the equations P |Xy (e) = f for y ∈ Y
◦ as y → ∂Y .
Now we will relate Melrose’s theory to our manifolds with a-corners. The
next lemma relates polyhomogeneous conormal functions with a-smooth sections
of Lλ. It can be proved by comparing Definitions 3.2 and 5.13.
Lemma 5.15. Let X be a manifold with corners, and g : X◦ → R a polyho-
mogeneous conormal function. Write X˜ = FMan
ac
Manc (X) for the corresponding
(untwisted) manifold with a-corners, and let λ ∈ W (X˜). Suppose that for each
connected component ∂iX of ∂X defined locally by xi = 0 for xi ∈ [0,∞), so
that λ = λi ·xi
∂
∂xi
on ∂iX˜ for some λi ∈ R, we have either λi = α and b = 0 or
λi < Reα for all (α, b) in the corresponding indexing set Si of g. Then there
is a unique a-smooth section g˜ ∈ Γ∞(Lλ) with g˜|X˜◦ = g, noting that X˜
◦ = X◦.
Note that any λ ∈ W (X˜) which is ‘sufficiently negative’ satisfies the condi-
tions in the lemma, so every polyhomogeneous conormal function on X◦ extends
to an a-smooth section of Lλ → X˜ for some λ ∈W (X˜). The converse of Lemma
5.15 is false: an a-smooth section of Lλ need not have an asymptotic expansion
(5.20), so a-smoothness is weaker than polyhomogeneous conormality.
The author proposes to modify Melrose’s b-calculus as follows:
(i) Manifolds with corners should be replaced by manifolds with a-corners
(often supposed untwisted) throughout.
(ii) Polyhomogeneous conormal functions, or polyhomogeneous conormal sec-
tions of a vector bundle E → X , should be replaced by a-smooth sections
of Lλ or E ⊗ Lλ for λ ∈W (X).
One difference between polyhomogeneous conormal functions g : X◦ → R,
as in Melrose’s theory, and a-smooth sections g˜ of Lλ, as in our proposal, is
that knowing g˜ ∈ Γ∞(Lλ) gives you a good understanding of the leading term
G0···00···0(xk+1, . . . , xm)x
λ1
1 · · ·x
λk
k in the asymptotic expansion (5.20) — the func-
tion G0···00···0 corresponds to g˜|Sk(X) — but tells you less about subsequent terms.
Melrose [63, §5.16] also discusses functions satisfying ‘conormal bounds’ like
(3.3), but without an asymptotic expansion (5.20), and these seem close to our
a-smooth sections of Lλ. Here is the analogue of Theorem 5.14. It can be proved
using similar methods to Melrose [62].
Theorem 5.16. (a) (Pullback Theorem) Let f : X → Y be an interior
map of manifolds with a-corners, and λ ∈ W (Y ), and g ∈ Γ∞(Lλ). Then
Definition 4.20 gives a weight f∗(λ) ∈ W (X) with a canonical isomorphism
Lf∗(λ) ∼= f
∗(Lλ), and using this we have f
∗(g) ∈ Γ∞(Lf∗(λ)).
(b) (Pushforward Theorem) Let f : X → Y be a proper, cooriented b-
fibration of manifolds with a-corners, and λ ∈ W (X) with λ|∂iX > 0 whenever
∂iX is a boundary face of X with f((∂iX)
◦) ⊆ Y ◦. Then there is a unique
weight µ ∈ W (Y ) with the universal property that f∗(µ) 6 λ, and for any
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µ′ ∈ W (Y ) with f∗(µ′) 6 λ we have µ′ 6 µ. For any δ in Γ∞(Λtop(bT ∗X)⊗Lλ)
the pushforward f∗(δ) exists in Γ
∞(Λtop(bT ∗Y )⊗ Lµ).
The fact that the Pullback and Pushforward Theorems hold means that
much of Melrose’s b-calculus transfers to our framework with little extra work.
6 How to use manifolds with a-corners
We now briefly outline a number of topics of current research in geometry which
can be rewritten using the language of manifolds with a-corners. Our choice is
strongly biased towards the author’s interests. Sometimes we believe the ‘a-
corners’ point of view is particularly helpful, or opens up new possibilities or
new methods of proof, and we discuss these in more detail.
6.1 Asymptotic conditions on manifolds and submanifolds
First we consider noncompact Riemannian manifolds (X, g) and closed subman-
ifolds Y ⊂ X satisfying asymptotic conditions at the noncompact ends ofX . We
also suppose (X, g) and Y have some interesting property, for example g could
be Ricci-flat or have special holonomy, and Y might be minimal or calibrated.
Often this means that g and Y satisfy nonlinear elliptic p.d.e.s.
The idea is to write X = X˜◦ for a compact manifold with a-corners X˜,
and g = g˜|X for a weighted b-metric g˜ on X˜ (or something similar), and Y =
Y˜ ∩X for Y˜ ⊆ X˜ a compact submanifold with a-corners. Then the asymptotic
conditions on g and Y are encoded in the differential geometry of X˜, Y˜ , and the
elliptic p.d.e.s satisfied by g, Y extend to elliptic p.d.e.s on g˜, Y˜ as in §5.3.
See [30, 37] for background on holonomy groups and calibrated geometry.
6.1.1 Asymptotically Cylindrical manifolds and submanifolds
As in Example 5.3(a), a Riemannian m-manifold (X, g) is Asymptotically Cylin-
drical (ACy) if it has one noncompact end asymptotic as r →∞ to a Rieman-
nian cylinder (R×M,h0+(dr)2), with O(e−αr) decay in all derivatives for small
α > 0, where (M,h0) is a compact Riemannian (m−1)-manifold, the link. Given
an ACy manifold (X, g), we can define Asymptotically Cylindrical submanifolds
Y ⊂ X , asymptotic as r →∞ to R×N for N ⊂M a closed submanifold.
Calabi–Yau manifolds are Riemannian 2m-manifolds (X, g) with holonomy
SU(m). They have additional geometric structures, the complex structure
J ∈ Γ∞(TX ⊗ T ∗X), Ka¨hler form ω ∈ Γ∞(Λ2T ∗X), and holomorphic vol-
ume form Ω ∈ Γ∞(ΛmT ∗X ⊗R C). ACy Calabi–Yau manifolds are studied in
detail by Kovalev [44], Corti–Haskins–Nordstro¨m–Pacini [13,14], Haskins–Hein–
Nordstro¨m [24], and Conlon–Mazzeo–Rochon [12]. They are used to construct
compact 7-manifolds with holonomy G2 by Kovalev [44], as in §6.2.1.
The asymptotic conditions on g are exactly those in equation (5.6) of Ex-
ample 5.3(a), with all derivatives. Therefore X extends to a compact manifold
with a-boundary X˜ with X˜◦ = X and ∂X˜ ∼= M , and g = g˜|X for a b-metric
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g˜ on X˜. Also J, ω,Ω extend to J˜ ∈ Γ∞(bT X˜ ⊗ bT ∗X˜), ω˜ ∈ Γ∞(Λ2(bT ∗X˜))
and Ω˜ ∈ Γ∞(Λm(bT ∗X˜)⊗R C).
Kovalev and Nordstro¨m [45,69] study ACy 7-manifolds (X, g) with holonomy
G2. Again, we can write X = X˜
◦ and g = g˜|X for X˜ a compact 7-manifold
with a-boundary and g˜ a b-metric on X˜. ACy coassociative 4-folds Y ⊂ X
in an ACy 7-manifold (X, g) with holonomy contained in G2 are considered
by Salur and the author [43]. (Here coassociative submanifolds are a kind of
calibrated submanifold in 7-manifolds with holonomy in G2, see [23, 37].) We
have Y = Y˜ ∩X for a compact submanifold with a-boundary Y˜ ⊂ X˜.
6.1.2 Asymptotically Conical manifolds and submanifolds
As in Example 5.3(b), a Riemannian m-manifold (X, g) is Asymptotically Coni-
cal (ACo) if it has one noncompact end asymptotic as r →∞ to a Riemannian
cone ((0,∞) × M, r2h0 + (dr)2), with O(r−α−k) decay in kth derivatives for
small α > 0, where (M,h0) is a compact Riemannian (m− 1)-manifold. Given
an ACo manifold (X, g), we can define Asymptotically Conical submanifolds
Y ⊂ X , asymptotic as r →∞ to (0,∞)×N for N ⊂M a closed submanifold.
An ACo manifold (X, g) is called Asymptotically Euclidean (AE ) if M =
Sm−1 with the round metric, so that X is asymptotic at infinity to Rm with the
Euclidean metric, and Asymptotically Locally Euclidean (ALE ) ifM = Sm−1/Γ
for finite Γ ⊂ O(m) acting freely on Sm−1, so that X is asymptotic to Rm/Γ.
ACo Calabi–Yau manifolds are studied by Kronheimer [46,47] and the author
[30, §8], [31] in the ALE case, and by Conlon and Hein [10, 11] in the general
case. Examples of ACo Riemannian 7- and 8-manifolds (X, g) with holonomy
G2 and Spin(7) are constructed by Bryant and Salamon [4]. In both cases, as in
Example 5.3(b) we can write X = X˜◦ and g = g˜|X for X˜ a compact manifold
with a-boundary and g˜ a weighted b-metric on X˜ , with weight λ > 0.
Special Lagrangian submanifolds (SL m-folds) in Calabi–Yau m-folds are a
kind of calibrated submanifold, as in [23,37]. ACo SL m-folds in Cm are studied
by Marshall [58] and Pacini [70], who studied their deformation theory, and
examples can be found in Harvey and Lawson [23, §III.3] and the author [33,34].
ACo coassociative 4-folds Y in R7 are studied by Lotay [52]. In both cases we
can write Cm,R7 as the interior of compact disc X˜ with a-boundary, and then
Y = Y˜ ∩Cm or Y = Y˜ ∩R7 for a compact submanifold with a-boundary Y˜ ⊂ X˜.
6.1.3 Manifolds and submanifolds with conical singularities
A Riemannian manifold (X, g) has a conical singularity if it has a noncompact
end asymptotic as r → 0 to a Riemannian cone ((0,∞)×M, r2h0 + (dr)
2), for
(M,h0) a compact Riemannian manifold. Often one compactifies the noncom-
pact end by adding a single point {x0}, giving a singular manifold Xˆ = X∐{x0}.
An alternative way to compactify the noncompact end is as a manifold with a-
boundary X˜, with X˜◦ = X and ∂X˜ ∼= M . Then as in Example 5.3(c) we have
g = g˜|X for g˜ a weighted b-metric on X˜ , with weight λ < 0.
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Calabi–Yau 3-folds with conical singularities are studied by Chan [8]. SL
m-folds Y ⊂ X with conical singularities are considered in Calabi–Yau m-folds
by the author [35,36], in Cm by Pacini [71,72], and in Calabi–Yau m-folds with
conical singularities by Chan [9]. Coassociative 4-folds with conical singularities
in G2-manifolds are studied by Lotay [51,53,54]. In each case we can extend Y
to a submanifold with a-boundary Y˜ in X or X˜.
6.1.4 Quasi-ALE and Quasi-Asymptotically Conical manifolds
A Riemannian manifold (X, g) is Quasi-ALE (X, g) if it has one noncompact
end asymptotic at infinity (in a sense) to Rm/Γ, where Γ ⊆ O(m) is a finite
subgroup, and the singularities of Rm/Γ may extend to infinity. The asymptotic
conditions on (X, g) are complicated, and inductive on dimension: if Rm/Γ ≃
R
k × (Rm−k/∆) locally near infinity in Rm/Γ, then (X, g) ≃ (Rk, g0) × (Y, h)
for (Y, h) a Quasi-ALE manifold asymptotic to Rm−k/∆.
Quasi-ALE manifolds were introduced by myself [30, §8], [32] to describe the
natural Ka¨hler metrics on resolutions X → Cm/Γ. I proved a Calabi Conjec-
ture for such metrics, and so constructed many Quasi-ALE Calabi–Yau mani-
folds. I also found examples of Quasi-ALE G2-manifolds [30, §11.2]. Quasi-ALE
manifolds have since been studied by Carron [5, 6]. Degeratu and Mazzeo [15,
59] generalize Quasi-ALE manifolds to Quasi-Asymptotically Conical (Quasi-
ACo) manifolds, which are to Quasi-ALE manifolds as ACo manifolds are to
ALE manifolds. They prove Fredholm results for Laplacian-type operators on
weighted Sobolev and Ho¨lder spaces on Quasi-ACo manifolds.
Given a Quasi-ACo manifold (X, g), there is a way to find a (possibly
nonunique) compact manifold with a-corners X˜ with X = X˜◦ and a vector
bundle E → X˜ with E|X = TX , such that g = g˜|X for some positive definite
g˜ ∈ Γ∞(S2E∗). In general we have ∂2X˜ 6= ∅. If we had E = bT X˜ ⊗ Lλ for
λ ∈ W (X˜) then g˜ would be a weighted b-metric, as in §5.1. However, things
may be more complicated than this, for example, we may have bT X˜ = F1 ⊕ F2
and E = F1⊗Lλ1 ⊕F2⊗Lλ2 for λ1 6= λ2 in W (X˜). The Quasi-ACo conditions
on (X, g) are then encoded in the differential geometry of X˜, E.
Using manifolds with a-corners may help in this situation. For example, the
Fredholm results on weighted Sobolev and Ho¨lder spaces in [30, §8], [32] and [15]
may be consequences of general facts about analysis of elliptic operators on
compact manifolds with a-corners, as in §5.3.
6.2 Family problems involving ‘stretching necks’
Next we discuss geometric problems involving a family {(Xy, ey) : y ∈ Y ◦} of
solutions ey of nonlinear elliptic p.d.e.s on compact manifolds Xy, parametrized
by the interior Y ◦ of a manifold with (a-)corners Y , such that as y approaches
∂Y , the solution (Xy, ey) undergoes an asymptotic decay, often described as
‘neck stretching’, ‘neck pinching’, ‘bubbling’, or ‘gluing’, and for y¯ ∈ Y \Y ◦, we
have a ‘singular solution’ (Xy¯, ey¯), with different topology to (Xy, ey) for y ∈ Y ◦.
56
In the language of manifolds with a-corners, these problems should be writ-
ten in terms of a family of solutions e of a family of nonlinear elliptic p.d.e.s
over a proper b-fibration f : X → Y of manifolds with a-corners, as in §5.4.
Problems of this kind occur in the literature in two main ways:
(a) If we wish to construct examples of nonsingular solutions of a nonlinear
elliptic p.d.e., one method is to start with a singular solution (which may
be simpler), and deform it to a nonsingular solution. This corresponds to
starting with (Xy¯, ey¯) for y¯ ∈ Y \Y ◦, and constructing (Xy, ey) for y ∈ Y ◦
close to y¯. It is usually enough to take Y = J0, ǫ) for small ǫ > 0.
As explained in §6.2.1, this method is used to construct examples of com-
pact 7-manifolds with holonomy G2 in [13, 44], and compact 8-manifolds
with holonomy Spin(7) in [29], [30, §15], and compact SLm-folds in [35,36].
(b) Consider the moduli spaceM of solutions of some nonlinear elliptic p.d.e.
on a compact manifold. We would like to form and study a compacti-
fication M, where points of the boundary M \M correspond to some
kind of singular solutions. This occurs, for example, for ‘breaking’ of
Morse flow-lines as in §6.2.2, for ‘bubbling’ of moduli spaces of instantons
on 4-manifolds in Donaldson theory [16], and for moduli spaces of stable
J-holomorphic curves in symplectic geometry, as in §6.3.
The ‘a-corners’ point of view may help in such situations:
(i) There may be general results on families of elliptic operators over a b-
fibration, which could be applied in many different problems.
(ii) We argue that the ‘natural’ smooth structure on moduli spacesM comes
from manifolds with a-corners Y in the b-fibrations f : X → Y .
(iii) In §6.3.4 we advocate studying such moduli problems using Grothendieck’s
method of representable functors, and universal families. This depends
crucially on good properties of the category Manac.
6.2.1 Some examples of gluing constructions
In the next example we describe a construction of compact 7-manifolds with
holonomy G2 proposed by Donaldson (see [30, §11.9]), carried out by Kovalev
[44], and developed further by Kovalev and Nordstro¨m [45] and Corti, Haskins,
Nordstro¨m, and Pacini [13, 14]. We explain how to write the construction in
terms of b-fibrations of manifolds with a-corners.
Example 6.1. See the author [30, 37] for background on G2. A G2-manifold
(X,ϕ, g) is a 7-manifold X with a torsion-free G2-structure (ϕ, g), where g is a
Riemannian metric on X , and ϕ is a 3-form on X with dϕ = d∗ϕ = 0 satisfying
a pointwise compatibility with g. These imply that Hol(g) ⊆ G2, and (ϕ, g)
determine a principal G2-subbundle P ⊂ F of the frame bundle F of X .
Let (R × N,ϕcyl, gcyl) be a cylindrical G2-manifold with gcyl = gN + dr2,
where (N, gN ) is a compact Riemannian 6-manifold (usually K3×T 2), and r the
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coordinate on R. Suppose (X+0 , ϕ
+
0 , g
+
0 ) and (X
−
0 , ϕ
−
0 , g
−
0 ) are Asymptotically
Cylindrical (ACy) G2-manifolds, as in §6.1.1, with (X
+
0 , ϕ
+
0 , g
+
0 ) asymptotic to
(R×N,ϕcyl, gcyl) as r →∞, and (X
−
0 , ϕ
−
0 , g
−
0 ) asymptotic to (R×N,ϕcyl, gcyl)
as r→ −∞. Then we can choose compact K±0 ⊂ X
±
0 and diffeomorphisms
X+0 \K
+
0
∼= (0,∞)×N, X−0 \K
−
0
∼= (−∞, 0)×N, such that
∇k(ϕ+0 − ϕcyl, g
+
0 − gcyl) = O(e
−αr) as r →∞, k > 0, and
∇k(ϕ−0 − ϕcyl, g
−
0 − gcyl) = O(e
αr) as r → −∞, k > 0, for small α > 0.
(6.1)
Let ǫ ∈ (0, 1) be small, and y ∈ (0, ǫ). Make a compact 7-manifold Xy by
Xy =
(
X+0 \ (− log y,∞)×N
)
∐{− log y}×N={log y}×N
(
X−0 \ (−∞, log y)×N
)
.
That is, we cut off the cylindrical ends of X+0 at r = − log y and of X
−
0 at
r = log y, and glue the boundary hypersurfaces {− log y} ×N and {log y} ×N
together in the obvious way.
Next we glue the G2-structures (ϕ
+
0 , g
+
0 ), (ϕ
−
0 , g
−
0 ), (ϕcyl, gcyl) together using
a partition of unity to get a G2-structure with torsion (ϕ˜y, g˜y) on Xy. Using
(6.1) and r = ± log y we see that the torsion of (ϕ˜y , g˜y) satisfies∣∣∇˜ϕ˜y∣∣g˜y = O(yα).
By solving a nonlinear elliptic p.d.e., Kovalev [44] shows that for small enough
y, we can find a torsion-free G2-structure (ϕy , gy) on Xy close to (ϕ˜y, g˜y), with
∇k(ϕy − ϕ˜y , gy − g˜y) = O(y
α).
If π1(Xy) is finite then Hol(gy) = G2, so that (Xy, gy) is a compact Rie-
mannian 7-manifold with holonomy G2. Kovalev [44] and Corti, Haskins, Nord-
stro¨m, and Pacini [13, 14] use this to make many new examples of compact
7-manifolds with holonomy G2, in which X
±
0 are of the form W
±
0 ×S
1, for W±0
ACy Calabi–Yau 3-folds, as in §6.1.1. Kovalev and Nordstro¨m [45] also give
examples in which X±0 have holonomy G2.
Here is how to interpret all this in the language of manifolds with a-corners.
We should define an 8-manifold with a-corners X and a proper b-fibration f :
X → Y = J0, ǫ), where f−1(y) = Xy for y ∈ (0, ǫ), and f
−1(0) = X+0 ∐N ∐X
−
0 ,
whereX±0 are two a-boundary faces of X , meeting in the codimension 2 a-corner
N of X . Also X near N is a-diffeomorphic to J0,∞)2 × N near {(0, 0)} × N ,
with f identified with (s, t, n) 7→ st. We illustrate this in Figure 6.1.
There should exist a b-metric g on X , in the sense of §5.1, roughly g =
gy + y
−2dy2, with b|Xy = gy for y ∈ (0, ǫ), and g|X±
0
= g±0 , and g|N = gN .
Using the notation of §5.4, there should exist a-smooth ϕ ∈ Γ∞
(
Λ3(bT ∗(X/Y ))
)
with ϕ|Xy = ϕy for y ∈ (0, ǫ), and ϕ|X±
0
= ϕ±0 . The (ϕt, gt) for t ∈ (0, ǫ), and
(ϕ±0 , g
±
0 ) for t = 0, are an a-smooth family of solutions of a family of nonlinear
elliptic p.d.e.s over the proper b-fibration f : X → Y , in the sense of §5.4.
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Figure 6.1: B-fibration f : X → J0, ǫ) in Kovalev’s G2-manifold construction
This is an example of the following general question. Let f : X → Y be a
proper b-fibration in Manac, and suppose we are given a family of nonlinear
elliptic p.d.e.s P on sections of E → X over f , a point y0 ∈ Y , and ey0 in
Γ∞(E|Xy0 ) with P |Xy0 (ey0) = 0. We want to know whether there exist ey in
Γ∞(E|Xy ) close to ey0 with P |Xy (ey) = 0 for all y ∈ Y sufficiently close to y0.
If y0 were a nonsingular point of the b-fibration, this would be a standard
question in deformation theory, and the answer would be yes provided the cok-
ernel of the (Fredholm) linearization of P |Xy0 at ey0 is zero.
In our case, y0 = 0 in Y = J0, ǫ) is a singular point of the b-fibration. But the
author expects that in the ‘a-corners’ theory, we should often be able to treat
all fibres of a b-fibration in a uniform way, not just the nonsingular fibres, and
that the Kovalev gluing construction should follow from the general deformation
theory of families of nonlinear elliptic p.d.e.s over proper b-fibrations.
Here are some more examples of gluing constructions which work in a similar
way, with the difference that rather than gluing together two Asymptotically
Cylindrical objects, as in §6.1.1, they glue an Asymptotically Conical object X+0
(shrunk by a conformal factor) into an object with a conical singularity X−0 , as
in §6.1.2–§6.1.3. They can also be interpreted using b-fibrations of manifolds
with a-corners. The shrinking by a conformal factor is achieved by twisting by
a line bundle Lλ from §4.4, with λ nonzero on the a-boundary component X
+
0 .
• The author [29], [30, §15] constructs compact 8-manifolds with holonomy
Spin(7) by gluing ALE Spin(7)-manifolds into a Spin(7)-orbifold.
• The author [35,36] and Pacini [72] construct SL m-folds in Calabi–Yaum-
folds by gluing ACo SL m-folds into SL m-folds with conical singularities.
• Lotay [53,54] glues coassociative 4-folds in G2-manifolds in the same way.
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6.2.2 Morse homology and moduli spaces of Morse flow-lines
We recall some background from Morse homology, as in Schwarz [74] or Austin
and Braam [1]. Let W be a compact manifold, and f : W → R be smooth.
We call f Morse if the critical locus Crit(f) consists of isolated points w ∈ W
with Hessian Hess f = ∇2f ∈ S2T ∗wW nondegenerate. We call f Morse–Bott if
Crit(f) is a disjoint union of submanifolds S ⊂W with Hessw f nondegenerate
on the normal space NwS ⊆ TwW for each w ∈ S.
If f is Morse–Bott, write C for the set of connected components of Crit(f),
and define µ : C → N by µ(S) = k if Hess f has k negative eigenvalues on NwS
for each w ∈ S. Fix a Riemannian metric g on W , and let ∇f ∈ Γ∞(TW )
be the associated gradient vector field of W , so that ∇af = gabdbf in index
notation.
For S, T ∈ C, consider the moduli space M(S, T ) of ∼-equivalence classes
[γ] of smooth flow-lines γ : R → W of −∇f (that is, ddtγ(t) = −∇f |γ(t) for
t ∈ R) with limt→−∞ γ(t) ∈ S and limt→∞ γ(t) ∈ T , with equivalence relation
γ ∼ γ′ if γ(t) = γ′(t + c) for some c ∈ R and all t. Define evaluation maps
ev− :M(S, T )→ S, ev+ :M(S, T )→ T by ev± : [γ] 7→ limt→±∞ γ(t).
Next, enlarge M(S, T ) to a compactification M(S, T ) by including ‘broken
flow-lines’, which are sequences ([γ1], . . . , [γk]) for [γi] ∈M(Ui, Ui+1) with Ui ∈
C, U0 = S, Uk = T and ev+([γi]) = ev−([γi+1]) ∈ Ui for 1 6 i < k.
As discussed by Wehrheim [76, §1], there is a widely-believed folklore result,
which we state (without claiming it is true) in a particularly strong form:
‘Folklore Theorem’. Let W be a compact manifold, f :W → R a Morse–Bott
function, and g a generic Riemannian metric on W . Then with the notation
above, M(S, T ) has the canonical structure of a compact manifold with corners
of dimension dimT +µ(T )−µ(S)−1 for all S, T ∈ J, with interior M(S, T )◦ =
M(S, T ), where M(S, T ) = ∅ if µ(S) > dimT + µ(T ). The evaluation maps
ev− : M(S, T ) → S, ev+ : M(S, T ) → T are smooth. There is a canonical
diffeomorphism, where the fibre products on the right hand side are transverse:
∂M(S, T ) ∼=
∐
U∈JM(S,U)×ev+,U,ev− M(U, T ),
compatible with the maps from both sides to S, T defined using ev∓.
One can find a claim of this kind for Morse functions in Austin and Braam
[1, p. 130], for instance. However, references such as Austin and Braam [1,
Lem. 2.5] and Schwarz [74, Th. 3, p. 69] do not actually construct a canonical
smooth structure with corners on M(S, T ); instead, they show that M(S, T )
is a manifold, and then indicate how to glue the strata of M(S, T ) together
topologically, but without smooth structures. This is enough for the application
of constructing and studying the Morse homology groups HMo∗ (W ;Z) of W .
Actually proving the ‘Folklore Theorem’ seems to be surprising difficult.
Wehrheim [76] does it when f is Morse and (f, g) have a special normal form (a
‘Euclidean Morse–Smale pair’) near each critical point, and deduces the result
with a non-canonical smooth structure on M(S, T ) when f is Morse. Infinite-
dimensional versions of the ‘Folklore Theorem’ are important in Floer theories,
Fukaya categories, Symplectic Field Theory, etc., as in §6.3.
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We claim that manifolds with a-corners provide a good framework for setting
up and proving the ‘Folklore Theorem’. In particular, the author expects:
(a) Make J−∞,∞K into a manifold with a-boundary as in Example 3.8. Let
f : W → R be Morse–Bott, g be any Riemannian metric on W , and
γ : R → W be a Morse flow-line as above. Define γ¯ : J−∞,∞K → W by
γ¯|R = γ and γ¯(±∞) = limt→±∞ γ(t). Then γ¯ is a-smooth, and it satisfies
a nonlinear elliptic p.d.e. on J−∞,∞K in the sense of §5.3.
If f is not Morse–Bott, then γ¯ can be r-smooth but not a-smooth.
(b) FixW, f, g as above. Define a family of Morse flow-lines to be a quintuple
(X,Y, π, v, δ), where X,Y are manifolds with a-corners, π : X → Y is
a proper b-fibration with Xy := π
−1(y) ∼= J−∞,∞K for y ∈ Y ◦, and
v ∈ Γ∞(bT (X/Y )) in the notation of §5.4 with v|x 6= 0 for all x ∈ X , and
δ : X →W is a-smooth with bTδ(v) = δ∗(−∇f) in Γ∞(δ∗(TW )).
Then for each y ∈ Y ◦ there should exist a-diffeomorphismsXy ∼= J−∞,∞K
identifying v|Xy ∼=
d
dt , and these a-diffeomorphisms are unique up to t 7→
t+c in J−∞,∞K for t ∈ R, as in the equivalence relation∼ in the definition
of M(S, T ) above. Such a-diffeomorphisms identify δ|Xy : Xy → W with
γ¯ : J−∞,∞K →W in (a) for some Morse flow-line γ : R→W .
For y ∈ Y \ Y ◦, δ|Xy : Xy → W corresponds to a ‘broken flow-line’ as
above. Families of Morse flow-lines provide a good way to describe broken
flow-lines, and how they occur as limits of Morse flow-lines. Figure 6.1
serves as an illustration of π : X → Y , with a broken flow-line over 0 ∈ Y .
(c) In the situation of the ‘Folklore Theorem’, with g generic, the most natural
smooth structure on M(S, T ) is that of a manifold with a-corners.
The author expects that for S, T ∈ C there should exist a universal family
of Morse flow-lines (X,Y, π, v, δ) with a universal property for all families
of Morse flow-lines γ¯ : J−∞,∞K → W with γ¯(−∞) ∈ S and γ¯(∞) ∈
T . This family should be unique up to canonical a-diffeomorphisms of
Y , and up to canonical a-diffeomorphisms of X plus fibre-dependent R-
translations, and in the ‘Folklore Theorem’ we should takeM(S, T ) = Y .
Remark 6.2. If we define M(S, T ) in the ‘Folklore Theorem’ as a manifold
with a-corners, as in (c), then we can apply F
Manc
st
Manac
st
in §3.3 to make the moduli
spaceM(S, T ) into a manifold with ordinary corners. Implicitly this involves a
choice of ‘gluing profile’, as in Wehrheim [76, Rem. 4.9].
Now the functor F
Manc
st
Manac
st
is defined only for strongly a-smooth maps. But
the b-fibrations π : X → Y in (b),(c) above will generally not be strongly a-
smooth. Near a codimension 2 corner of X where flow-lines break, we expect π
to be locally modelled on h : J0,∞)2 → J0,∞), h(x1, x2) = x1x2 near (0, 0) in
J0,∞)2, and this is a b-fibration, but not strongly a-smooth.
Therefore, although we can make M(S, T ) into a manifold with corners, we
cannot make the universal family π : X →M(S, T ) in (c) into a smooth map
of manifolds with corners. That is, the author expects that a universal family
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of Morse flow-lines will generally not exist in Manc. If true, this would be an
important reason for using Manac rather than Manc in problems of this kind.
6.3 Symplectic geometry and J-holomorphic curves
Let (S, ω) be a symplectic manifold. An almost complex structure J on S is a
vector bundle isomorphism J : TS → TS with J2 = −id. We call J compatible
with ω if defining g(v, w) = ω(v, Jw) for all v, w ∈ Γ∞(TS) gives a Riemannian
metric g on S. A J-holomorphic curve in S is a Riemann surface (Σ, j) with a
smooth map u : Σ→ S with u∗(J) ◦ Tu = Tu ◦ j : TΣ→ u∗(TS).
Many important areas of symplectic geometry involve forming moduli spaces
M of J-holomorphic curves in a symplectic manifold (S, ω), ‘counting’ the mod-
uli spaces to get a number, or a homology class (a ‘virtual class’), or a (co)chain
in some (co)homology theory (a ‘virtual chain’), and using this to define some
interesting symplectic invariant which is independent of the choice of almost
complex structure J . Such areas include Gromov–Witten invariants [21, 27],
Lagrangian Floer cohomology [18, 19], Fukaya categories [75], and Symplectic
Field Theory [17]. See McDuff and Salamon [60] for an introduction.
For this ‘counting’ of moduli spaces M to work, M must be compact, and
to makeM compact we must include singular curves with nodes. This involves
the kind of ‘bubbling’ and ‘neck-stretching’ issues discussed in §6.2.
In the general case it is not possible to make the moduli spaces M smooth
manifolds, even when J is generic. So we need to put a geometric structure on
M, which is strong enough to define virtual classes/virtual chains. There are
two main candidates for this structure, both still under development.
Firstly, Fukaya–Oh–Ohta–Ono [19–21] make moduli spaces M into Kuran-
ishi spaces. The author [40, 42] found a new definition of Kuranishi space with
better categorical properties, and argued that Kuranishi spaces are really derived
orbifolds with corners, in the sense of Derived Algebraic Geometry. Secondly,
Hofer–Wysocki–Zehnder [26–28] give M a polyfold Fredholm structure, where
‘polyfolds’ are, very roughly, a complicated generalization of Banach orbifolds.
The author proposes that manifolds with a-corners should be used in the
foundations of both these theories, and believes that this will help solve some
current problems in the area, and also make new approaches possible. This was
the author’s principal motivation for inventing manifolds with a-corners. The
rest of this section discusses some of the details of how this might be done.
6.3.1 Riemann surfaces with a-boundary
Here are two examples of how to use a-boundaries in J-holomorphic curves.
Example 6.3. Define Σ = J0, 1K× (R/2πZ), with coordinates (x, y), a compact
cylinder with a-boundary. Then x(1 − x) ∂∂x ,
∂
∂y are a basis of sections of
bTΣ.
Define a complex structure (or ‘b-complex structure’) j : bTΣ→ bTΣ by
j : x(1− x) ∂∂x 7−→
∂
∂y and j :
∂
∂y 7−→ −x(1− x)
∂
∂x . (6.2)
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Then (Σ, j) is a Riemann surface with a-boundary.
Now suppose (S, ω) is a symplectic manifold, J is an almost complex struc-
ture on S compatible with ω, and u : Σ→ S is a J-holomorphic map. That is,
u : Σ→ S is a-smooth with u∗(J) ◦ bTu = bTu ◦ j : bTΣ→ u∗(bTS) = u∗(TS).
This is an elliptic equation. As in §5.3, elliptic equations on manifolds with
a-boundary Σ restrict to elliptic equations on ∂Σ. In this case, on ∂Σ we have
bTu
(
∂
∂y
)
= J
(
x(1 − x) ∂∂x
)
= 0,
as x(1−x) = 0 on ∂Σ, and this means that u is constant on each boundary circle
x = 0 and x = 1. That is, u : Σ→ S factors through the quotient Σ/∼, where
∼ is the equivalence relation on Σ given by (0, y) ∼ (0, y′) and (1, y) ∼ (1, y′)
for all y, y′ ∈ R/2πZ. But Σ/∼ is a 2-sphere S2, and there is a homeomorphism
(Σ/∼) ∼= CP1 identifying J-holomorphic maps u : Σ → S and u′ : CP1 → S.
We illustrate this in Figure 6.2.
•............ .
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..
.... ................................
................................
................................
. ........................
−→
collapse
a-boundary
circles
Σ Σ/∼
Figure 6.2: Riemann surface Σ with a-boundary, and Σ/∼ ∼= CP1
Next we describe how to model a family of nonsingular J-holomorphic curves
converging to a singular J-holomorphic curve with an interior node, using the
material on b-fibrations from §5.4.
Example 6.4. Define a 3-manifold with a-corners X with a proper b-fibration
f : X → J0, ǫ) = Y such that Xy := f−1(y) ∼= S
2 for y ∈ (0, ǫ), and ∂X (which
lies over y = 0 in Y ) is the disjoint union of closed 2-discs D2+, D
2
−, whose
common a-boundary S1 is a codimension 2 a-corner of X . We illustrate this in
Figure 6.3. We can think of X as a family of S2’s Xy for y in Y = J0, ǫ), which
at y = 0 develop a ‘fold’ along the equator S1 ⊂ S2.
The relative tangent bundle bT (X/Y ) of f : X → Y from §5.4 has rank
2, and we can choose an a-smooth morphism j : bT (X/Y ) → bT (X/Y ) with
j2 = −id. Then jy = j|Xy makes (Xy, jy) into a Riemann surface isomorphic
to CP1 for all y ∈ (0, ǫ). Also (X0, j0) is the union of (D2+, j0,+) and (D
2
−, j0,−)
glued along S1, where (D2±, j0,±) are Riemann surfaces with a-boundary, which
look near their ends like one end of the cylinder (Σ, j) in Example 6.3.
Now let (S, ω) be a symplectic manifold, J an almost complex structure on
S compatible with ω, and u : X → S be a family of J-holomorphic maps over
Y . That is, u : X → S is a-smooth with
J ◦ bTu|bT (X/Y ) =
bTu ◦ j : bT (X/Y ) −→ u∗(bTS) = u∗(TS).
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Figure 6.3: B-fibration f : X → Y for family of CP1’s developing interior node
Then u|Xy : Xy → S for y ∈ (0, ǫ) and u|D2± : D
2
± → S are J-holomorphic maps.
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Figure 6.4: B-fibration f : X → Y with 2-corner S1 ⊂ X collapsed to a point
The argument of Example 6.3 applied to u|D2
±
: D2± → S shows that u|S1 is
constant, say u|S1 = p ∈ S. Thus u factors through the quotient X˜ = X/ ∼,
where ∼ is the equivalence relation on X which collapses S1 to a point. Note
that X˜ is not a manifold with (a-)corners. Also f : X → Y factors through
f˜ : X˜ → Y , where f˜−1(y) ∼= CP1 for y ∈ (0, ǫ), and f˜−1(0) is two CP1’s joined
at a node, a Deligne–Mumford prestable CP1. We illustrate this in Figure 6.4.
Remark 6.5. Let X˜0 be a Deligne–Mumford prestable curve, in the sense
of [21,27], with a single interior node at x˜0 ∈ X˜0. That is, X˜0 near x˜0 is locally
modelled on
{
(s, t) ∈ C2 : st = 0
}
near (0, 0). So X˜0 is not a manifold.
To model X˜0 using manifolds with a-corners, roughly speaking one should
do a ‘real blow-up’ at x˜0. This happens in two slightly different ways:
(i) If we are thinking of X˜0 just as a single curve, not part of a family, we define
a proper morphism π : Xˆ0 → X˜0 with Xˆ0 a manifold with a-boundary,
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where π−1(x˜0) = S
1
s ∐S
1
t is two disjoint copies of S
1, the a-boundaries of
the two local components of X˜0 meeting at x˜0, and π is a diffeomorphism
over X˜0 \ {x˜0}. In Example 6.4, Xˆ0 corresponds to D2+ ∐D
2
−. Note that
the two copies S1s,S
1
t of S
1 in π−1(x˜0) are not identified.
(ii) If X˜0 is part of a family of curves including nonsingular curves, say f˜ :
X˜ → J0, ǫ) with X˜y = f˜−1(y) locally modelled on
{
(s, t) ∈ C2 : st = y
}
near x˜0, then as in Example 6.4 we model the family as a proper b-
fibration f : X → J0, ǫ) in Manac with a real blow-up map π : X → X˜
with π−1(x0) ∼= S
1, and π is a diffeomorphism over X˜ \ {x˜0}. Note that
X0 = f
−1(0) is not a manifold with a-corners, though Xˆ0 = ∂X is. It
is obtained by identifying the S1s
∼= S1t in Xˆ0 in (i), and in Example 6.4
corresponds to D2+ ∐S1 D
2
−.
In (i), the complex structure j on Xˆ0 determines a nonvanishing vector field
v on ∂Xˆ0 = S
1
s ∐ S
1
t , up to a positive constant, which we fix by requiring v to
have period 2π on each S1, and regard as the vector field of a U(1)-action on
S1 ∐ S1. The identification S1s
∼= S1t in (ii) is U(1)-equivariant, but this does
not determine it uniquely, the family of possible U(1)-equivariant isomorphisms
S1s ∼= S
1
t is a torsor for U(1). The actual identification S
1
s
∼= S1t used to build
X,X0 in (ii) depends not just on X˜0, but also on X˜y as y → 0.
This has important consequences for how moduli spaces of J-holomorphic
curves should be described using a-corners. The pictures of [21,27] yield a mod-
uli space M˜ with a real (virtual) codimension 2 subset M˜0 ⊆ M˜ corresponding
to curves with nodes, where M˜0 is not considered part of the boundary of M˜.
The a-corners picture naturally yields a moduli space M with projection
π : M → M˜, with π−1(p) ∼= (S1)k when p represents a curve with k nodes.
Points ofM correspond to a stable J-holomorphic curve [X, j, u] in M˜ together
with identifications S1s
∼= S1t at each interior node of X . The boundary ∂M
has an extra component ∂nodeM lying over M˜0, but there is a U(1)-action
on ∂nodeM coming from changing the identification S
1
s
∼= S1t , and using this
U(1)-action we can arrange that the virtual chain of ∂nodeM is trivial, so this
additional boundary will not cause problems in the virtual cycle theory.
6.3.2 Including Lagrangian boundary conditions
The theories of Lagrangian Floer cohomology [18,19] and Fukaya categories [75]
are built on studying moduli spaces of J-holomorphic curves u : Σ → (S, ω)
from a Riemann surface Σ with corners whose boundary ∂Σ is mapped by u to
one or more Lagrangians L1, . . . , Lk in the symplectic manifold S.
To study this in the ‘a-corners’ picture, we must take Σ to be a 2-manifold
with both corners and a-corners as in §3.5, where the ordinary boundary ∂cΣ
is mapped to Lagrangians in S, and the a-boundary ∂acΣ does not satisfy ex-
plicit boundary conditions, but the J-holomorphic curve equation forces u to
be locally constant on ∂acΣ. Here is an example.
Example 6.6. Define Σ = J0, 1K × [0, 1], with coordinates (x, y), a compact
square with boundary and a-boundary. Then x(1 − x) ∂∂x ,
∂
∂y are a basis of
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sections of mTΣ in Remark 4.10(b). Define a complex structure j : mTΣ →
mTΣ by (6.2). Then (Σ, j) is a Riemann surface with boundary and a-boundary.
Now suppose (S, ω) is a symplectic manifold, L0, L1 are Lagrangians in S,
J is an almost complex structure on S compatible with ω, and u : Σ → S is a
J-holomorphic map with u(x, 0) ∈ L0 and u(x, 1) ∈ L1 for all x ∈ J0, 1K.
Notice that on the boundaries ∂cΣ at y = 0 and y = 1 we impose boundary
conditions, that Σ maps to L0 and L1. But on the a-boundaries ∂
acΣ at x = 0
and x = 1 we impose no boundary conditions. This is necessary to get a well-
behaved moduli problem, with Fredholm linearization.
As in Example 6.3, the J-holomorphic curve equation forces mTu
(
∂
∂y
)
= 0
on the a-boundaries x = 0 and x = 1, so that they are mapped to points.
As u(0, 0) ∈ L0 and u(0, 1) ∈ L1 we must have u(0, y) = p ∈ L0 ∩ L1 for all
y ∈ [0, 1], and similarly u(1, y) = q ∈ L0 ∩ L1 for all y ∈ [0, 1]. Thus u : Σ→ S
factors through the quotient Σ/ ∼, where ∼ is the equivalence relation on Σ
given by (0, y) ∼ (0, y′) and (1, y) ∼ (1, y′) for all y, y′ ∈ [0, 1]. We illustrate
this in Figure 6.2.
•
•
•
•
<
>
•
p
•
q
Σ Σ/∼
L0
L1
L0
L1
boundary in L0
boundary in L1
a-boundary
−→
collapse
a-boundary
Figure 6.5: Holomorphic disc Σ with boundary in L0 ∪ L1
Now J-holomorphic curves of this type are used to define the Lagrangian
Floer cohomology groupsHF ∗(L0, L1) in [18,19,75]. We regard them as squares
in Manc,ac, as in the left hand picture of Figure 6.5, rather than the conven-
tional notion of 2-gons in Manc, as in the right hand picture of Figure 6.5.
Remark 6.7. For the deformation theory of curves in Example 6.6 to be well
behaved, one usually requires L0, L1 to intersect transversely, or at least cleanly,
at p, q. In our picture, this condition is not local on Σ, as the L0, L1 bound-
ary conditions happen on disjoint parts of the curve. So we might guess that
transverse intersection of L0, L1 is not necessary for the a-corners approach.
In fact it is needed. As in §5.3, elliptic operators P pk,λ : L
p
k+l(E)λ → L
p
k(F )λ
on compact manifolds with a-boundary X are non-Fredholm at a subset of
weights λ determined by P |∂X . If L0, L1 do not intersect transversely at p, q,
then the linearized J-holomorphic curve equation is not Fredholm when λ = 0.
We can also discuss families of J-holomorphic curves with Lagrangian bound-
ary conditions using b-fibrations inManc,ac, as in Example 6.4 and Remark 6.5.
6.3.3 Manifolds with a-corners, Kuranishi spaces, and polyfolds
Setting up the foundations of J-holomorphic curve theory, moduli spaces, and
virtual chains, in Symplectic Geometry in the general case is a mammoth task.
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Two rival groups who have been working on this for a long time are Fukaya,
Oh, Ohta and Ono [18–21], who make moduli spaces into Kuranishi spaces, and
Hofer, Wysocki and Zehnder [26–28] give moduli spaces a polyfold Fredholm
structure. The two are related by Yang [77], who defines a ‘truncation functor’
from polyfold Fredholm structures to Kuranishi spaces.
We want to point out that manifolds with a-corners can be incorporated
very easily into both the Kuranishi space and the polyfold theories, and that
there would be definite advantages to doing this. The definition of Kuranishi
spaces in [20, §A.1] involves Kuranishi neighbourhoods (V,E,Γ, ψ, s) in which V
is a manifold with corners, but we can use manifolds with a-corners instead.
The author [40, 42] produced a new definition of Kuranishi spaces, refining
that of [19, §A.1], which form a well-behaved 2-category (Fukaya et al. [18–21] do
not define morphisms between Kuranishi spaces). Starting with any category of
‘manifolds’ M˜an satisfying certain conditions, the construction of [40] produces
an associated 2-category of ‘Kuranishi spaces’ K˜ur. Our categoriesManac and
Manc,ac satisfy these conditions, so we immediately get 2-categories Kurac or
Kurc,ac of Kuranishi spaces with a-corners, or with corners and a-corners.
The definition of polyfolds involves ‘partial quadrants’ [28, Def. 1.11], of the
form [0,∞)k ×W for W an sc-Banach space, which are an infinite-dimensional
generalization of the local models Rmk = [0,∞)
k × Rm−k for manifolds with
a-corners. By replacing these by J0,∞)k ×W and using a-smoothness, we can
define ‘polyfolds with a-corners’.
Here are some reasons for doing this. In both theories, when proving that
moduli spaces including singular curves have a Kuranishi/polyfold Fredholm
structure, the proofs work by first proving estimates of the type (3.3) (our
definition of a-smooth function) on data such as the Kuranishi section s : V → E
in (V,E,Γ, ψ, s), in the natural coordinates. Then, using a ‘gluing profile’, they
change to different coordinates in which s is actually smooth.
In our language, these proofs work by firstly constructing Kuranishi neigh-
bourhoods (V,E,Γ, ψ, s) with V a manifold with a-corners, s : V → E a-smooth,
etc., and secondly applying the functor F
Manc
st
Manac
st
: Manacst → Man
c
st from §3.3
to get to manifolds with corners. For examples of the first step see [19, §A1.4,
Lem. A1.58], [20, Th. 6.4], [27, §4.4], and for the second step see [19, §A1.4,
p. 777], [20, §8], and [27, §2.1 & §2.6]. If we used manifolds with a-corners
from the outset, we would get a-smoothness in the natural coordinates, and the
second step would be unnecessary.
As in §3.3, the functor F
Manc
st
Manac
st
works only for strongly a-smooth maps.
Therefore we should expect that any operation in the theory of [18–21, 26–
28] that involves non-strongly a-smooth maps will be smooth in the a-corners
picture, but will become non-smooth after applying gluing profiles.
For example, the Lagrangian Floer cohomology of [19] involves moduli spaces
Mk of stable J-holomorphic discs u : Σ → S with boundary in a Lagrangian
L ⊂ S, with k boundary marked points z1, . . . , zk ∈ ∂Σ. We can consider the
map Fi : Mk → Mk−1 which forgets the ith marked point zi for i = 1, . . . , k.
The local models for such Fi on Kuranishi neighbourhoods can involve non-
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strongly a-smooth maps. So we expect that Fi : Mk →Mk−1 is an a-smooth
1-morphism of Kuranishi spaces with a-corners, in the sense of [40], but may
not be smooth in the set-up of [18–21,26–28].
6.3.4 Universal families and representable 2-functors
The usual methods for constructing moduli spaces in Algebraic Geometry and
Differential Geometry are very different. To construct moduli K-schemes in
Algebraic Geometry, one uses Grothendieck’s method of representable functors.
Writing SchK for the category of schemes over a field K, one defines a functor
F : (SchK)
op −→ Sets,
where F (S) is the set of isomorphism classes of families of objects in the moduli
problem over a baseK-scheme S. For example, to study moduli of vector bundles
E → Y over a fixed smooth projective K-scheme Y , we could take F (S) to be
the set of isomorphism classes of vector bundles ES → Y × S.
Then we hope to prove that there exists a K-scheme M (necessarily unique
up to isomorphism) with a natural isomorphism F ∼= Hom(−,M). We call M
the moduli K-scheme. There is a canonical family of objects U ∈ F (M) over
M called the universal family, corresponding to idM ∈ Hom(M,M).
We propose using this method in Differential Geometry. For problems in
which the moduli space should be a smooth manifold with a-corners, as for the
Morse flow-lines in §6.2.2, we can consider functors
F : (Manac)op −→ Sets.
For problems where the moduli space should be a Kuranishi space with a-
corners, we need a 2-categorical version, so we should consider weak 2-functors
F : (mKurac)op −→ Groupoids,
wheremKurac is the 2-category of Kuranishi spaces with a-corners with trivial
isotropy groups (i.e. the manifold version of Kuranishi spaces with a-corners).
For this method to work, it will be essential to use manifolds or Kuranishi
spaces with a-corners, not with corners. This is because if we use ordinary
corners then a universal family may not exist, as in Remark 6.2, so the 2-functor
F will not be representable.
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